
  

MAY 2012 U/ID 4707/PAG 

Time : Three hours Maximum : 100 marks 

SECTION A — (10 × 2 = 20 marks) 

Answer ALL questions. 

Each question carries 2 marks. 

1. If ( )0zf ′  exists, then prove that ( )zf  is continuous 

at 0z . 

 ( )0zf ′  C¸US©õÚõÀ, 0z  ¦ÒÎ°À ( )zf  

öuõhºa]²øh¯x GÚ {ÖÄP. 

2. Prove that the function yxu coshcos=  is 

harmonic. 

 yxu coshcos=  Gß£x J¸ Cø\a\õº¦ GÚ {ÖÄP. 

3. Find the image of the points exterior to 1=z  

under 
z

w
1= . 

 1=z ß öÁÎ¨¦Ó ¦ÒÎPÎß 
z

w
1= ß RÌ 

E¸©õØÓ® ö£Ö® ¤®£® ¯õx? 

(8 pages) 
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4. Find out the image of entire z  plane under 2zw = . 

 2zw =  GÝ® E¸©õØÓ® z  uÍzøu GÆÂu©õP 
©õØÓ® ö\´²®? 

5. Evaluate ∫ −
C

dz
z 3

1
 where C  is given by rz =− 3 . 

 PnUQkP : ∫ −
C

dz
z 3

1
 C[S C  rz =− 3  GÝ® 

Ámhzøu C  SÔUS®. 

6. State the Liouville’s theorem. 

 ¼÷¯õÂÀ¼ß ÷uØÓzøuU TÖP. 

7. Find the poles of ( )
zz

zf
cossin

1

−
= . 

 ( )
zz

zf
cossin

1

−
= ß Cø\¨ ¦ÒÎPøÍU PõsP. 

8. Find out the zeroes of the function ( ) 12 ++= zzzf . 

 ( ) 12 ++= zzzf ß §a]¯[PøÍU PõsP. 

9. Find the residue of ( )
1

1

−
+=
z

z
zf  at 1=z . 

 ( )
1

1

−
+=
z

z
zf ß Ga\zøu 1=z ¦ÒÎ°À PõsP. 
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10. Find the residue of ( )( )( )czbzaz

z

−−−

2

 at infinity.  

 ( )( )( )czbzaz

z

−−−

2

ß Ga\zøu ∞=z ¦ÒÎ°À PõsP. 

SECTION B — (5 × 16 = 80 marks) 

Answer ALL questions. 

Each question carries 16 marks. 

11. (a) Prove that the ( ) 2
zzf =  is continuous 

everywhere but nowhere differentiable except 

at the origin. 

 (b) Prove that the function ( ) yeyxu x cos, =  is 

harmonic. Find its harmonic conjugate v  and 

the analytic function ivuf += .  

 (A) ( ) 2
zzf =  GßÓ \õº¦ öuõhºa]¯õÚx GÚÄ® 

BÚõÀ 0=z  ¦ÒÎø¯z uÂºzx ©ØÓ 

¦ÒÎPÎÀ ( )zf  ÁøP°hzuUPx AÀ» GÚÄ® 

{ÖÄP. 

 (B) ( ) yeyxu x cos, = J¸ Cø\a\õº¦ GÚÄ® Auß 

xøn°¯a \õº¦ vIU Psk, ivuf +=  GßÓ 

£S•øÓa \õº¤øÚ²® PõsP. 

Or 
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 (c) Derive the Cauchy-Riemann equations in 

polar form. 

 (d) Find the analytic function ivuf +=  where 

( ){ }yxyyyxeu x sin2cos22 +−= − . 

 (C) ÷Põæ&Ÿ©õß \©ß£õkPøÍ ÷Põn yµU 
TÖPÎÀ PõsP. 

 (D) ( ){ }yxyyyxeu x sin2cos22 +−= −  GÝ©õÖ 

ivuf +=  GßÓ £S•øÓa \õº¤øÚU PõsP. 

12.  (a) Prove that the transformation 

( ) ( )iziw −++= 21  maps the rectangular 

region 2,1,0,0 ==== yxyx  in the z -plane 

onto the rectangular region in the w -plane. 

 (b) Prove that 
dcz

baz
w

+
+= , 0≠− bcad , 0≠c  

transforms circles into circles. 

 (A) ( ) ( )iziw −++= 21  GßÓ E¸©õØÓ©õÚx  

z -uÍzv¾ÒÍ 2,1,0,0 ==== yxyx  GßÓ 

ö\ÆÁP¨£Svø¯ w -uÍzvÀ ö\ÆÁP¨ 
£SvUS E¸©õØÓ® ö\´²® GÚ {ÖÄP. 

 (B) C¸©õÔ ÷|›¯À E¸©õØÓ® 
dcz

baz
w

+
+= , 

0≠− bcad , 0≠c , BÚx Ámh[PøÍ, 

Ámh[PÍõP E¸©õØÓ® ö\´¯® GÚ {ÖÄP. 

Or   

[P.T.O.] 
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 (c) Find the linear fractional transformation that 

maps 11 =z , 02 =z , 13 −=z  onto iw =1 , 

∞=2w , 13 =w  respectively. 

 (d) Discuss the transformation 2zw = . 

 (C) 11 =z , 02 =z , 13 −=z  BQ¯ÚÁØøÓ •øÓ÷¯ 

iw =1 , ∞=2w  ©ØÖ® 13 =w  E¸©õØÓ® 

ö\´²® ÷|›¯À ÂQu E¸©õØÓzv¾® PõsP.  

 (D) 2zw =  GÝ® E¸©õØÓzøu ÂÁ›UP.  

13.  (a) Evaluate ∫ +
C

zt

dz
z

e

i 12

1
2π

, 0>t  where C  is 

the circle 3=z , using Cauchy’s integral 

formula. 

 (b) Expand zcos  about 
2

π=z . 

 (A) ÷Põæ°ß öuõøPUPõÚ Áõ´¨£õmiøÚ 

£¯ß£kzv, ∫ +
C

zt

dz
z

e

i 12

1
2π

, 0>t  PnUQkP.  

C[S C  Gß£x 3=z  GÚU öPõÒP. 

 (B) 
2

π=z  GÝ® ¦ÒÎø¯¨ ö£õÖzx zcos ß 

Â›ÂøÚU PõsP. 

Or 
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 (c) If a function f  is analytic at a point, then 

prove that its derivatives of all orders are 

also analytic functions at that point. 

 (C) J¸ ¦ÒÎ°À f  BÚx £S•øÓ \õº£õP 

C¸¢uõÀ, A¨¦ÒÎ°À, f ß AøÚzx Á›ø\ 

ÁøP±kPÐ® £S•øÓa \õº£õP C¸US® GÚ 

{ÖÄP. 

14.  (a) Discuss the nature of singularities of 

( ) 








−
−

1

1
sin
2
2 zz

z
zf . 

 (b) State and prove the argument principle.   

 (A) ( ) 








−
−

1

1
sin
2
2 zz

z
zf ß ]Ó¨¦¨ ¦ÒÎPøÍ 

Bµõ´P. 

 (B) \õº¤ß ©õÔ&÷Põm£õk&÷uØÓzøu GÊv 

{ÖÄP. 

Or 

 (c) State and prove Rouche’s theorem. 

 (d) State and prove the fundamental theorem of 

algebra. 
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 (C) öµÍêß (Rouche’s) ÷uØÓzøuU TÔ, AuøÚ 
{ÖÄP. 

 (D) C¯ØPouzvÀ Ai¨£øhz ÷uØÓzøuU TÔ, 
AuøÚ {ÖÄP. 

15.  (a) Find the residue of ( ) ( )41

2
22

2

++
−
zz

zz
. 

 (b) Prove that  

  ( ){ } ( )∫ −=+−
π

θ πθθθ
2

0

cos .1
2

sincos
n

n
dne  

 (A) ( ) ( )41

2
22

2

++
−
zz

zz
ß Ga\zøuU PnUQkP. 

 (B) {ÖÄP : ( ){ } ( )∫ −=+−
π

θ πθθθ
2

0

cos .1
2

sincos
n

n
dne   

Or 

 (c) Evaluate ∫ +

π

θ
θ

θ2

0
cos45

2cos
d . 

 (d) Apply the calculus of residue to prove that 

( )∫
∞

=
+0

22 21

1 π
dx

x
. 
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 (C) PnUQkP : ∫ +

π

θ
θ

θ2

0
cos45

2cos
d . 

 (D) Ga\zvØPõÚ ÁøP ~s Pouzøu¨ £¯ß£kzv 

( )∫
∞

=
+0

22 21

1 π
dx

x
 GÚ {ÖÄP. 

———————— 


