
 

  

MAY 2012 U/ID 4722/PAU 

Time : Three hours Maximum : 100 marks 

SECTION A — (10 × 2 = 20 marks) 

Answer ALL questions. 

Each question carries 2 marks. 

1. State least upper bound axiom. 

 «a]Ö ÷©ÀÁµ®¦ Âv°øÚ GÊxP. 

2. Prove that the set of all integers is countable. 

 •Ê GsPÎß Pn® GsohzuUPx GÚ {¹¤. 

3. If 1G  and 2G  are open subsets of the metric space 

M then prove that 21 GG I  is also open. 

 ¯õ¨¦ öÁÎ M&À 1G  ©ØÖ® 2G  Gß£øÁPÒ vÓ¢u 

EmPn[PÒ GÛÀ 21 GG I &® vÓ¢u EmPn® GÚ 

{¹¤. 

4. State the Rolle’s theorem. 

 ÷µõ¼ß ÷uØÓzøu GÊxP. 

5. Show that the function zzf =)(  is nowhere 

differentiable. 

 zzf =)(  GßÓ \õº£õÚx G[S® ÁøP°hzuUPuÀ» 

GÚU PõmkP. 
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6. Show that the function )sin(cos yiyex +  is 

analytic. 

 )sin(cos yiyex +  GßÓ \õº£õÚx £S•øÓ \õº¦ 

GÚU PõmkP. 

7. Define conformal transformation. 

 Cn[S® E¸©õØÓ® Áøµ¯Ö. 

8. Find the bilinear transformation which maps the 

points 0,, iz ∞= , into the points ∞,,0 i  

respectively. 

 0,, iz ∞=  GßÓ ¦ÒÎPøÍ •øÓ÷¯ ∞,,0 i   

GßÓ ¦ÒÎPÐUS ©õØÖ® C¸©õÔ ÷|›¯À 

E¸©õØÓzøuU PõsP. 

9. Find the residue of 
22

2

az

z

+
 at iaz = . 

 
22

2

az

z

+
 Gß£uØS iaz = &°hzx Ga\zøuU PõsP. 

10. State Taylor’s theorem. 

 öh´»›ß ÷uØÓzøu GÊxP. 
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SECTION B — (5 × 16 = 80 marks) 

Answer ALL questions. 

Each question carries 16 marks. 

11. (a) Prove that the set R of all real numbers is 

uncountable. 

 (b) Let 11, ρM , 22 , ρM , 33, ρM  be metric 

spaces and let 21: MMf → , 32: MMg → . 

If f is continuous at 1Ma∈  and g is 

continuous at 2)( Maf ∈  then prove that 

fg o  is continuous at a. 

 (A) ö©´ö¯sPÎß Pn® R GsohzuUPuÀ» 

GÚ {¹¤. 

 (B) 11, ρM , 22 , ρM , 33, ρM  Gß£øÁPÒ 

¯õ¨¦ öÁÎPÒ GßP. 21: MMf → ,  

32: MMg →  GßP. f BÚx 1Ma∈ &°hzx 

öuõhºa]¯õPÄ®, g BÚx 2)( Maf ∈ &°hzx 

öuõhºa]¯õPÄ® C¸¢uõÀ fg o  BÚx 

a&°hzx öuõhºa]¯õÚx GÚ {¹¤. 

Or 
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 (c) Let ρ,M  be a metric space and let a be a 

point in M. Let f and g be real-valued 

functions whose domains are subsets of M. If 

Lxf
ax

=
→

)(lim  and Nxg
ax

=
→

)(lim  then prove 

that LNxgxf
ax

=
→

)()(lim . 

 (d) If B is an infinite subset of the countable set 

A then prove that B is countable. 

 (C) ρ,M  Gß£x J¸ ¯õ¨¦ öÁÎ GßP.  

M&À J¸ ¦ÒÎ a GßP. ö©´©v¨¦ \õº¦PÒ  

f ©ØÖ®  g&ß Aµ[P[PÒ M&ß EmPn[PÒ 

GßP. Lxf
ax

=
→

)(lim  ©ØÖ® Nxg
ax

=
→

)(lim  GÛÀ 

LNxgxf
ax

=
→

)()(lim  GÚ {¹¤. 

 (D) GsohzuUP Pn® A&ß •iÁØÓ EmPn® B 

GÛÀ B&²® GsohzuUPx GÚ {¹¤. 

12. (a) Let 11, ρM  and 22 , ρM  be metric spaces 

and let 21: MMf → . Then prove that f is 

continuous on 1M  if and only if )(1 Gf −  is 

open in 1M  whenever G is open in 2M . 

 (b) State and prove the Taylor’s formula with 

the integral form of the remainder.   

[P.T.O.]
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 (A) 11, ρM  ©ØÖ® 22 , ρM  Gß£øÁPÒ ¯õ¨¦ 

öÁÎPÒ GßP. 21: MMf →  GßP. f Gß£x 

1M &À öuõhºa]¯õÚx GÛÀ, GÛÀ ©mk÷© 

1M &À )(1 Gf −  BÚx vÓ¢u öÁÎ¯õS® C[S 

G BÚx 2M &À vÓ¢u öÁÎ. 

 (B) öuõøP ÁiÂÀ «v²ÒÍ öh´»›ß 

Áõ´¨£õmiøÚ GÊv {¹¤. 

Or 

 (c) If ],[ baRf ∈ , ],[ baRg∈  then prove that 

],[ baRgf ∈+  and ∫∫∫ +=+
b

a

b

a

b

a

gfgf )( . 

 (d) Let f be a continuous function from a metric 

space 1M  into a metric space 2M . If 1M  is 

connected then prove that the range of f is 

also connected. 

 (C) ],[ baRf ∈ , ],[ baRg∈  GÛÀ ],[ baRgf ∈+  

©ØÖ® ∫∫∫ +=+
b

a

b

a

b

a

gfgf )(  GÚ {¹¤. 

 (D) ¯õ¨¦ öÁÎ 1M &¼¸¢x ¯õ¨¦ öÁÎ 2M &US  

f BÚx öuõhºa]¯õÚ \õº¦ GßP. 1M  

Cøn¢ux GÛÀ f&ß Ãa_® Cøn¢ux GÚ 

{¹¤. 
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13. (a) Prove that the function  

  1333 2223 +−+−= yxxyxu   

  satisfies Laplace’s equation and determine 
the corresponding analytic function ivu + . 

 (b) State and prove the necessary condition for 
)(zf  to be analytic. 

 (A) 1333 2223 +−+−= yxxyxu Gß£x »õ¨»õêß  
\©ß£õmiøÚ {øÓÄ ö\´QÓx GÚ {¹¤. 
÷©¾® Czxhß Jzu ivu +  GßÓ £S•øÓa 
\õº¤øÚU PõsP. 

 (B) )(zf  GßÓ \õº¦ £S•øÓ \õº£õP C¸¨£uØPõÚ 
÷uøÁ¯õÚU Pmk¨£õmiøÚ GÊv {¹¤. 

Or 

 (c) Show that function )(log
2

1 22 yxu +=  is 

harmonic and find its harmonic conjugate. 

 (d) If )(zf  is a regular function of z prove that 

22

2

2

2

2

)(4)( zfzf
yx

′=










∂
∂+

∂
∂

. 

 (C) )(log
2

1 22 yxu +=  GßÓ \õº¦ Cø\a \õº¦ GÚU 

PõmkP. ÷©¾® Auß Cø\ Cønø¯U PõsP. 

 (D) )(zf  Gß£x z&À £S•øÓ \õº¦ GÛÀ 

22

2

2

2

2

)(4)( zfzf
yx

′=










∂
∂+

∂
∂

 GÚ {¹¤. 
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14. (a) Show that the cross ratio of four complex 

numbers is unaffected by a bilinear 

transformation. 

 (b) Find the value of the integral ∫ −
C

az

dz
 round a 

circle whose equation is ρ=− || az . 

 (A) |õßS PØ£øÚ GsPÎß C¸©õÔ ÷|›¯À 

E¸©õØÓzvÚõÀ SÖUS Ãu® ©õÓõx GÚ 

{ÖÄP. 

 (B) C Gß£x J¸ Ámh® Auß \©ß£õk 

ρ=− || az  GÛÀ ∫ −
C

az

dz
&ß ©v¨¦U PõsP. 

Or 

 (c) Obtain the images of the lines 0=x  and 

0=y  under the transformation 2zw = . 

 (d) Find the bilinear transformation which maps 

the points 1,,0 −−= iz  into the points 

0,1,iw = . 

 (C) 2zw =  GßÓ E¸©õØÓzvß RÌ 0=x  ©ØÖ® 

0=y  GßÓ ÷PõkPÎß ¤®£[PøÍU PõsP. 

 (D) 1,,0 −−= iz  GßÓ ¦ÒÎPøÍ 0,1,iw =  GßÓ 

¦ÒÎPÐUS E¸©õØÖ® C¸©õÔ ÷|›¯À 

E¸©õØÓzvøÚU PõsP. 
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15. (a) Expand 
)2(

3
)(

2 −−
+=
zzz

z
zf  in powers of z; 

where (i) 1|| <z , (ii) 2||1 << z , (iii) 2|| >z . 

 (A) 
)2(

3
)(

2 −−
+=
zzz

z
zf &ø¯ z&ß AkUSPÍõP 

Â›zx GÊxP. C[S (i) 1|| <z ,  
(ii) 2||1 << z , (iii) 2|| >z . 

Or 

 (b) Let )(zf  be analytic inside and on a simple 

closed contour C. Let 0z  be any point interior 

to C. Prove that dz
zz

zf

i
zf

C

∫ −
=

0

0

)(

2

1
)(

π
. 

 (c) Evaluate dz
z

zz

C

∫ −
++
2

652

 where C is 1|| =z . 

 (B) )(zf  Gß£x C GßÓ GÎ¯ ‰i¯ E¸Áøµ°ß 

÷©¾® Auß EÒÐ® £S•øÓ \õº¦ GßP.  

0z  Gß£x C&ß EÒ÷Í EÒÍ ¦ÒÎ GÛÀ 

dz
zz

zf

i
zf

C

∫ −
=

0

0

)(

2

1
)(

π
 GÚ {ÖÄP. 

 (C) ©v¨¤kP dz
z

zz

C

∫ −
++
2

652

 C[S C Gß£x 

1|| =z . 

———————  


