
 

OCTOBER 2012   U/ID 4722/PAU 

Time : Three hours Maximum : 100 marks 

SECTION A — (10 × 2 = 20 marks) 
Answer ALL questions. 

Each question carries 2 marks. 

1. Define metric space. 

 ¯õ¨¦öÁÎ Áøµ¯Ö. 

2. Define characteristic function. 

 ]Ó¨¤¯À¦ \õº¤øÚ Áøµ¯Ö. 

3. Define a dense set in a metric space. 

 ¯õ¨¦öÁÎ°À AhºzvU Pn® Áøµ¯Ö. 

4. State Rolle’s theorem. 

 ÷µõ¼ß ÷uØÓzøu GÊxP. 

5. Prove that yxyu 23 3−=  is a harmonic function. 

 yxyu 23 3−=  Gß£x J¸ Cø\a \õº¦ GÚ {¹¤. 

6. State the necessary condition for ( )zf  to be 

analytic function. 

 ( )zf  £S•øÓ \õº£õP C¸¨£uØPõÚ ÷uøÁ¯õÚU 
Pmk¨£õmiøÚ GÊxP. 
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7. Define bilinear transformation. 

 C¸TÖ ÷|›¯ E¸©õØÓzøu Áøµ¯Ö. 

8. State Cauchy-Goursat theorem. 

 ÷Põ] öPÍº\õm ÷uØÓzøu GÊxP. 

9. Find the residue of ( )( )( )czbzaz

z

−−−

2

 at az = . 

 az =  Chzx ( )( )( )czbzaz

z

−−−

2

 &ß Ga\zøuU 

PõsP. 

10. Expand zcos  about the point 
2

π=z . 

 
2

π=z &ø¯¨ ö£õ¸zx zcos &ø¯ Â›zx GÊxP. 

SECTION B — (5 × 16 = 80 marks) 
Answer ALL questions. 

Each question carries 16 marks. 

11. (a) Prove that countable union of countable sets 
is countable. 

  

 (b) If ( ) Lxf
ax

=
→
lim  and ( ) Mxg

ax
=

→
lim  then prove 

that (i) ( ) ( ) LMxgxf
ax

=
→
lim  and (ii) if 0≠M  

( )
( ) M

L

xg

xf

ax
=








→
lim .  
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 (A) GsohzuUP Pn[PÎß GsohzuUPa 

÷\º¨¦ GsohzuUPx GÚ {¹¤. 

 (B) ( ) Lxf
ax

=
→
lim ©ØÖ® ( ) Mxg

ax
=

→
lim  GÛÀ  

  (i) ( ) ( ) LMxgxf
ax

=
→
lim ©ØÖ® 

  (ii) 
( )
( ) M

L

xg

xf

ax
=








→
lim  C[S 0≠M  GÚ {¹¤. 

Or 

 (c) Prove that the set R  of all real numbers is 

uncountable. 

  R  GßÓ ö©´ö¯sPÎß Pn® 

GsohzuUPuÀ» GÚ {¹¤.  

12. (a) Let G  be an open subset of the metric  

space M . Prove that GM −  is closed. 

 (b) If [ ]baf ,R∈  and λ  is any real number, then 

prove that [ ]baf ,R∈λ  and ∫∫ =
b

a

b

a

ff λλ . 
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 (A) ¯õ¨¦ öÁÎ M &À GBÚx vÓ¢u EmPn® 
GÛÀ  GM −  ‰i¯ Pn® GÚ {¹¤. 

 (B) [ ]baf ,R∈  ©ØÖ® λ  Gß£x H÷uÝ® J¸ ö©´ 

Gs GÛÀ  [ ]baf ,R∈λ  ©ØÖ®  

∫∫ =
b

a

b

a

ff λλ GÚ {¹¤. 

Or 

 (c) If f  is a continuous function on the closed 

bounded interval [ ]ba,  and if ( )xf ′  exists for 

all x  in ( )ba,  then prove that there exists c  

in ( )ba,  such that ( ) ( ) ( )
ab

afbf
cf

−
−=′ . 

 (d) Let f  be a bounded function on the closed 

bounded interval [ ]ba, . Then prove that 

[ ]baf ,R∈  if and only if, for each 0∈> , there 

exists a subdivision σ  of [ ]ba,  such that  

  [ ]σ;fU [ ] ∈+< σ;fL . 

 (C) [ ]ba,  GßÓ ‰i¯ Áµ®¦øh¯ CøhöÁÎ°À 

f  BÚx öuõhºa]¯õÚ \õº¦ GßP : ÷©¾® 

( )ba, &À GÀ»õ x &US® ( )xf ′  C¸¢uõÀ ( )ba, &À 

cø¯U Psk ( ) ( ) ( )
ab

afbf
cf

−
−=′  GÚU PõmkP.   

[P.T.O.]
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 (D) [ ]ba,  GßÓ ‰i¯ Áµ®¦øh¯ CøhöÁÎ°À 

f BÚx Áµ®¦øh¯ \õº¦ GßP. [ ]baf ,R∈  GÚ 

C¸¨£uØPõÚ ÷uøÁ¯õÚ ÷£õx©õÚ 
Pmk¨£õk JÆöÁõ¸ 0∈> US® [ ]ba, &ß 

Em¤›Ä σ  GÚ C¸¢uõÀ [ ]σ;fU [ ] ∈+< σ;fL  

GÚ {¹¤. 

13. (a) If ( ) ivuzf +=  is an analytic function then 

prove that polar form of the Cauchy-

Riemann equations are 
r

v
ur

θ=  and 

rrvu −=θ . 

 (b) Let ( ) νiuzf +=  be an analytic function in a 

region D  then prove that ( )zf  is constant in  

D  if ( )zf  is constant. 

 (A) ( ) ivuzf +=  Gß£x £S•øÓ \õº¦ GÛÀ 

÷Põn&yµ ÁiÂÀ ÷Põæ&Ÿ©õß \©ß£õkPÒ 

r
ur

θν=  ©ØÖ® 
r

rvu −=θ  GÚ {¹¤. 

 (B) D  GßÓ Aµ[PzvÀ ( ) νiuzf +=  £S•øÓ 

\õº¦ GßP ( )zf  ©õÔ¼¯õP C¸¢uõÀ ( )zf  &® 

©õÔ¼ GÚ {¹¤. 

Or 
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 (c) If 
xy

x
u

2cos2cosh

2sin

+
=  then find the 

corresponding analytic function ( ) νiuzf += . 

 (d) Examine whether the function ( ) 2
zzf =  is 

differentiable or not. 

 (C) 
xy

x
u

2cos2cosh

2sin

+
=  GÛÀ; AuøÚU öPõsk 

Cøn¢u ( ) ivuzf +=  GßÓ £S•øÓ 
\õº¤øÚU PõsP. 

 (D) ( ) 2
zzf =  GßÓ \õº£õÚx ÁøP°hzuUPuõ 

CÀø»¯õ GÚa ÷\õvzx¨ £õº. 

14. (a) Discuss the transformation zew = . 

 (b) Find the fixed points of 
2

1

+
−−=

z

iz
w . 

 (A) zew =  E¸©õØÓzøu |ßS ÂÁ›. 

 (B) 
2

1

+
−−=

z

iz
w &ß {ø»zu ¦ÒÎPøÍU PõsP. 

Or 

 (c) If ivuw +=  prove that the transformation 

z

z
w

−
+=

1

1
 transforms 1<z  into the half 

plane 0>u . 
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 (d) Find the bilinear transformation which maps 
the points 2=z , 2, −i  into the points 

1,,1 −= iw  respectively. 

 (C) νiuw += GßP 
z

z
w

−
+=

1

1
 GßÓ E¸©õØÓ® 

1<z  Gß£øu 0>u  GßÓ AøµzuÍzvØS 

E¸©õØÖQÓx GÚ {¹¤. 

 (D) 2=z , 2, −i  GßÓ ¦ÒÎPøÍ  •øÓ÷¯ 
1,,1 −= iw  GßÓ ¦ÒÎPÐUS E¸©õØÖ® 

C¸TÖ ÷|›¯ E¸©õØÓzøuU PõsP. 

15. (a) Let f  be analytic inside and an a simple 

closed curve C . Let 0z  be any point inside 

C . Then prove that ( ) ( )
( ) dzzz

zf

i
zf

c

∫ −
=′

2

0

0
2

1

π
. 

 (b) Evaluate ( )∫ +c

z

dz
z

e
4

2

1
 where C  is the circle 

2=z . 

 (A) C  GßÓ GÎ¯ ‰i¯ ÁøÍÁøµ°ß ÷©¾® 
©ØÖ® EÒ÷Í²® f  BÚx £S•øÓ \õº¦ 
GßP. C &ß EÒ÷Í H÷uÝ® J¸ ¦ÒÎ 0z  GßP. 

  ( ) ( )
( ) dzzz

zf

i
zf

c

∫ −
=′

2

0

0
2

1

π
 GÚ {¹¤. 
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 (B) ©v¨¤kP ( )∫ +c

z

dz
z

e
4

2

1
 C[S C  GßÓ Ámh® 

2=z . 

Or 

 (c) Expand ( )( )21

1

−−
−
zz

 as a power series in z  

in the regions  (i) 1<z  (ii) 21 << z   

(iii) 2>z . 

 (d) Find the residue of ( )
4

21

z

e
zf

z−= . 

 (C) ( )( )21

1

−−
−
zz

 Gß£øu (i) 1<z  (ii) 21 << z   

(iii) 2>z  GßÓ Aµ[P[PÎÀ z &ß 

AkUSPÍõP Â›zx GÊxP. 

 (D) ( )
4

21

z

e
zf

z−=  &ß Ga\zøuU PõsP. 

—————— 


