
  

OCTOBER 2011 U/ID 32355/UCME 

Time : Three hours Maximum : 100 marks 

PART A — (10 × 3 = 30 marks) 

Answer any TEN questions. 

Each questions carries 3 marks. 

1. Define permutation group. 

 Á›ø\ ©õØÖ S»® Áøµ¯Ö. 

2. If φ  is a homomorphism of G  onto G . Prove that 

( ) ee =φ , where e and e  are unit elements of G  

and G  respectively. 

 φ  Gß£x GÀ C¸¢x G  US ö\À¾® ö\¯À©õÓõ 

÷©À ÷PõºzuÀ GÛÀ ( ) ee =φ , C[S e ©ØÖ® e  

Gß£øÁPÒ •øÓ÷¯ G  ©ØÖ® G &ß \©Û 
EÖ¨¦PÒ. 

3. State Cauchy’s theorem for abelian groups. 

 A¥¼¯ß S»zvØPõÚ ÷Põ]°ß ÷uØÓzøu GÊxP. 

4. Define integral domain. 

 Gs Aµ[P® Áøµ¯Ö. 

5. Define maximal ideal. 

 «¨ö£¸ ^›¯ Pn® Áøµ¯Ö. 
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6. If S  is a subsets of V . Prove that ( )( ) ( )SLSLL = . 

 öÁUhºöÁÎ V  CÀ S  J¸ EmPn® GÛÀ 

( )( ) ( )SLSLL =  GÚ {¹¤. 

7. Define orthogonal vectors.  

 ö\[Szx öÁUhºPÒ Áøµ¯Ö. 

8. Define orthonormal vectors. 

 ö\[Szx A»S öÁUhºPÒ Áøµ¯Ö. 

9. Define characteristic root. 

 Áøµ¯Ö : ]Ó¨¤¯À¦ ‰»®. 

10. Define Rank of matrix. 

 Ao°ß uµ® & Áøµ¯Ö. 

11. Define regular and singular elements in ( )VA . 

 ( )VA  &À JÊ[S ©ØÖ® uÛzu EÖ¨¦PøÍ Áøµ¯Ö. 

12. Define a linearly dependent set of vectors in a 

vector space. 

 öÁUhº öÁÎ°À ÷|›¯À \õº¢u öÁUhºPøÍ 

Áøµ¯Ö. 
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PART B — (5 × 6 = 30 marks) 

Answer any FIVE questions. 

Each questions carries 6 marks. 

13. If G  is a finite group and N  is a normal subgroup 

of G, prove that ( ) ( )
( )NO

GO
NGO =/ . 

 G  Gß£x J¸ •iÄÖ S»® ©ØÖ® N Gß£x G &ß 

÷|ºø© EmS»® GÛÀ ( ) ( )
( )NO

GO
NGO =/  GÚ {ÖÄP. 

14. If ( ) 2
PGO =  where P  is a prime number, prove 

that G is abelian. 

 P J¸ £Põ Gs, ( ) 2
PGO =  GÛÀ G J¸ A¥¼¯ß 

S»® GÚ {¹¤. 

15. If R  is a ring, prove that for all Rba ∈,  

 (a) 000 == aa  

 (b)  ( ) ( ) ( )abbaba −=−=−  

 (c) ( ) aa −=−1 . 

 R Gß£x J¸ ÁøÍ¯®, Rba ∈,  GÛÀ 

 (A) 000 == aa  

 (B)  ( ) ( ) ( )abbaba −=−=−  

 (C) ( ) aa −=−1  GÚ {¹¤. 
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16. If V  is a finite dimensional vector space, prove 

that it contains a finite set 
n
vvv ...., 21  of linearly 

independent elements whose linear span is V . 

 V  GßÓ •iÄÖ £›©õn öÁUhº öÁÎ GßP 
CÆöÁÎ 

n
vvv ...., 21  GßÓ ÷|›¯À \õº£ØÓ PnzøuU 

öPõsi¸US® ÷©¾® Auß ÷|›¯À E¸ÁõUP® V  
GÚ {¹¤. 

17. If Vvu ∈,  then prove that ( ) vuvu ≤, . 

 Vvu ∈,  GÛÀ ( ) vuvu ≤,  GÚ {¹¤. 

18. If V  is finite dimensional over F, prove that 

( )VAT ∈  is regular iff T  maps V  onto V . 

 V  Gß£x F &À •iÄÖ £›©õn•øh¯x GÛÀ 
( )VAT ∈  JÊ[PõP C¸¢uõÀ, C¸¢uõÀ ©mk÷© 

V°¼¸¢x VUS T ÷©À÷Põºzu»õS® GÚ {¹¤. 

19. If V  is finite dimensional over F  prove that  

 (a) ( ) ( )TrSTr ≤  

 (b) ( ) ( )TrTSr ≤ . 

 V  Gß£x J¸ •iÄÖ £›©õn•øh¯ öÁUhº öÁÎ 
GÛÀ  

 (A) ( ) ( )TrSTr ≤  

 (B) ( ) ( )TrTSr ≤  GÚ {¹¤. 

[P.T.O.] 
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PART C — (4 × 10 = 40 marks) 

Answer any FOUR questions. 

Each questions carries 10 marks. 

20. State and prove fundamental theorem of group 

homomorphism. 

 S»zvÀ ÷©Ø÷Põºzu¼ß Ai¨£øhz ÷uØÓzøu 
GÊv {¹¤. 

21. (a) Let R  be a commutative ring with unit 

element whose only ideals are { }0  and R  

itself. Prove that R  is a field. 

 (b) If F is a field then prove that it has two ideals 

{ }0  and F itself. 

 (A) R  Gß£x £›©õØÖ ÁøÍ¯® GßP. { }0  ©ØÖ® 

R  Gß£x Auß ^›¯ Pn[PÒ GÛÀ R  J¸ 
PÍ® GÚ {¹¤. 

 (B) F Gß£x J¸ PÍ® GÛÀ F&¾ÒÍ ^›¯ Pn[PÒ 
{ }0  ©ØÖ® F ©mk÷© GÚ {¹¤. 

22. If 
n
vvv ...., 21  is a basis of V  over F  and if 

m
www ...., 21  in V  are linearly indenpendent over 

F, prove that nm ≤ . 

 F GßÓ uÍzøu¨ ö£õ¸zx V&ß Ai©õÚ®  

n
vvv ...., 21  ©ØÖ® F GßÓ Pnzøu¨ ö£õÖzx V&ß 

÷|›¯À \õº£ØÓ öÁUhºPÒ 
m
www ...., 21  GÛÀ nm ≤  

GÚ {ÖÄP. 
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23. State and prove Gram-Schmidt orthogonalization 

process. 

 Qµõ®&ìQªm&ß ö\[Szx ©¯©õUSuÀ •øÓø¯ 
TÔ {ÖÄP. 

24. If A and B are finite dimensional subspaces of a 

vector space V, prove that ( )BA +  is finite 

dimensional and ( ) −+=+ BABA dimdimdim  

( )BA∩dim . 

 öÁUhº öÁÎ V&ß •iÄÖ £›©õn EmöÁÎPÒ  
A ©ØÖ® B GÛÀ ( )BA +  Gß£x •iÄÖ  

£›©õn® GßÖ® ©ØÖ® ( ) +=+ ABA dimdim  

−Bdim ( )BA∩dim  GÚ {ÖÄP. 

25. If V  is n-dimensional vector space over F and if 

( )VAT ∈  has all its characteristic roots in F then 

prove T satisfies a polynomial of degree n over F. 

 V  Gß£x F CÀ n&£›©õn•øh¯ öÁUhº öÁÎ 
©ØÖ® ( )VAT ∈  BÚx Auß AøÚzx ]Ó¨¤¯À¦ 

‰»[PøÍ F CÀ öPõskÒÍx GÛÀ T BÚx FCÀ  
n £i²ÒÍ J¸ £À¾Ö¨¦U ÷PõøÁø¯ {øÓÄ 
ö\´²® GÚ {¹¤. 

——————— 


