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OCTOBER 2013 U/ID 32355/ UCME

Time : Three hours Maximum : 100 marks
PART A — (10 x 3 = 30 marks)
Answer any TEN questions.

Each question carries 3 marks.

1. Define a normal subgroup of a group G. Can we
say that every abelian group is normal?

G eatn @m GosHar @m Coiomwn o Gos5mS
auengwm. erbgCeurm uflordm @Gopd el ChiTento

G@LD GTETMI FoM (LPlg U{LOT?
2. Prove that a group homomorphism preserves
inverses.

®m Go Oeuleoriyew CoiwrHn o mililseamer
LMgI&T&GLD T 5lmies.

3. Ifa=(,79) and b=(, 2, 3), compute a 'ba.

a=(5,7,9) ooy b=(1, 2, 3) eaid a'ba -emeus

HTETS.

4.  Define a division ring.

@ UGHSSE CUMETUISENS UG TWIM).



If a ring homomorphism is an isomorphism, what

can you say about its kernel?

@@ euaeT QFwemliem @ Fo UL 6rele,

SIS 2 L GHenaull LUDHD 6TET6 Fam (LplgUL{LD?

Let R be a ring and a, b, cOR . Prove that if a|b

and al|c then al(b+c).

R erenug g euanerwid. Gogid a, b, cOR erens.

cafl® alb wpmbd alc eaid al(b+c) eam Hineys.

If F is the field of real numbers, prove that the
vectors (1, 1, 0, 0), (0, 1, -1, 0) and (0, O, 0, 3) in

F™ are linearly independent over F.

F eémug QuiQuanseiler semd. FY - o érer
Sangwensar (1, 1, 0, 0), (0, 1, -1, 0) wpmbd (0, 0, 0, 3)
eremLien F-eir Goed Cpifluied smrummg) erar Hlmieys.

If W is a subspace of a vector space V, define the

annihilator of W.

W ereruigy V erenn Slengwier Geuafluflen 2 arGleuaf erefled
W-éx Badlepws cuenuigmy.
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10.

11.

12.

If V is a vector space over F, u0V and aOF,
prove that ||a'u|| =| a| || u||

V eremuigy F-éir Godd ep(mp Slengwier Geuafl. 2 OV wmmibd
aOF erens. erafled ||a’u||=| a| ||u|| eremm Hlmieys.

Define the rank of a linear transformation.
e Crilwe 2 mwrholuler Sréams euenruim.

Let V be the vector space of all polynomials
over F of degree <3. Let D be the
differentiation operator defined by

(@+a,x+a,x* +a,x*)D=a, +2a,x +3a,x>.
Find the matrix of D relative to the basis v, =1,
v, =x, v, =x" and v, =x°.

V arenug) F-em Codd Uiy 3 Sjbavg DiSDES Genmeumet
LIg SEETLELLI Dieneandgl Lieoimiiiimenaaien dlenguwisn
Qeuafl. D erem euansuil (H& Cewed erem cuenpmwmLiAenn
(@, +a,x +a, x> +a,x°)D=a, +2a,x + 30, x”
eafléd v, =1, v,=x, v, =x" HMD v, =x° erem

Sy Ssasansl QuTmsg D-er ojanflullanens smemrs.

Define similar linear transformations.
058 CBilwe 2 (HOTHDBISEMET eUEnFLIMD).
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13.

14.

15.

PART B — (5 x 6 = 30 marks)
Answer any FIVE questions.

Each question carries 6 marks.

Let G and G be two groups and ¢:G - G is a
homomorphism with kernel K. Prove that K is a
normal subgroup of G.

G womgd G eauer Qran® Gomsdar @:G - G
cragl K erermp o s CQamanr e GewbemliLjento
crafleo K eremg) G-en e Chitend 2 L @G eTemm)
Bmels.

If G is a group with o(G) = p" where p is a prime
number, prove that Z(G) # (e).

G eareugl e @b, Coaib o(G) =p" s, QniE
D eTemLigy) (1 Ls erewt erailed Z(G) # (e) eranm) Hlmieys.
Prove that a finite integral domain is a field.
THSCEUM(H (PIGEGTET GTEIT HJBRISHPD 6( SHETLD GTET)
Hmays.
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16.

17.

18.

Prove that the ideal A =(a,) is a maximal ideal of
the Euclidean ring R if and only if a, is a prime

element of R.

A =(a,) erenm &mod R eremy wsefliqwies cuanemwuigdle
Quepw  &rowrs @QEUusHE — Csemeuwmargbd
Curginrergiorer Flubsemer @, erarg R-e e usT
o mitiy ererCs eremm) Blmies.

If U and W are subspaces of a vector space V,
prove that U+W ={vOV/v=u+w, v OU, wOW}

1s a subspace of V.

U womib W eemuer V eremp Sevgwer Geuatludien

o _arlleual &6 erasfled
U+W={pOV/iv=u+w, uOU, wdW}

eremLig V-eim p(h 2_emGleuart eremm Hlmieys.

If Vis a vector space and u, vV, then prove that

|G o) <[e] o]
V eremug) e Slenswen Ceuafl. Goaud uw, vOV erafled
| @, )] <] ] o] erengy Biposs.
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19.

20.

If A, A, ...,A, in F are distinct characteristic
roots of TOA(V) and if v, vy, ...,v, are
characteristic vectors of 7T Dbelonging to
A, Ay, ..., Ay, respectively, prove that v, v,, ..., v,
are linearly independent over F.

Ay Agy oy Ay eratuien F-e0 T OA(V) -6 QeueuGoupment
fAply  epeomiger. CoQId Uy, Uy, ..., U,  GTETLET
wpeopGu A, Ay, ..., A, eeruer Qummigss T-ufler SmiiLy
Sevswenger erafled U, Uy, ..., U, eremuer F-ar G

Crilwed gmrLpmenay cremm Hlmie,s.
PART C — (4 x 10 = 40 marks)
Answer any FOUR questions.
Each question carries 10 marks.

If 3(G) is the group of inner automorphisms of a
group G and Z is the center of G, prove that
HG)=GZ.

HG) ererugy G e @SS 6 2 6T H6iT eLIL|HLOSEETS
Qarar @@ @Gow. Z eeaug G-er ewwbd erefd
HG)=G | Z erenm Hlmieys.
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21.

22.

23.

24.

Prove that every group is isomorphic to a subgroup
of A(S) for some appropriate S.

ThFbleun @Gopd Gumssoner S-eowd CsmeT
A(S) TETLSET @ 26T  (Gos5HD@E  FW
RULIEWITETSTS @) (H&HELD eTenm Hlmies.

Let R be a commutative ring with unit element
whose only ideals are (0) and R itself. Prove that R
1s a field.

R cramug) <@ emlous CQsmarl e Uflbrhm
auanemid. e Eomiser (0) whmibd R ol HGw erefld

R eremuig) ep(m semid eranmi Hlmieys.

Prove that every integral domain can be imbedded
in a field.

THSCUM( CTEHT HTRIFSMSLD @[ FHeTs5Hled LifsHs
i ID eTa) Blmia]s.

If V and W are of dimensions m and n,
respectively, over F, then prove that Hom (V, W)

is of dimension mn over F.
V womid W eremuen F-er Goed penmCu m whmid n
erarpm  Lflorewriiger 2 el wer. erafl®o Hom (V, W)
eraig) F-aom oy mn eranm LIMTERTD 2 anL_WIg) eTerm)
Bmeys.

7 U/ID 32355/UCME



25.

If TOA(V) has all its characteristic roots in F,
then prove that there is a basis of V in which the
matrix of T'is triangular.

TOA®V) eremugen ojanensg SmUL epamis@hn F-6
o ararar. T ereugen ewtl  (p&CHmant  ewilwims
QmsewLrm V-0 @@ gssemTd 2 6Tergl  eTemm)
Hmeys.
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