
  

OCTOBER 2013  U/ID 32355/UCME 

Time : Three hours Maximum : 100 marks 

PART A — (10 × 3 = 30 marks) 

Answer any TEN questions. 

Each question carries 3 marks. 

1. Define a normal subgroup of a group G. Can we 

say that every abelian group is normal? 

 G GßÓ J¸ S»zvß J¸ ÷|ºø© EmS»zøu 

Áøµ¯Ö. G¢uöÁõ¸ £›©õØÖ S»•® J¸ ÷|ºø© 

S»® GßÖ TÓ •i²©õ? 

2. Prove that a group homomorphism preserves 

inverses. 

 J¸ S» ö\¯ö»õ¨¦ø© ÷|º©õØÖ EÖ¨¦PøÍ 

£õxPõUS® GßÖ {ÖÄP. 

3. If )9,7,5(=a  and )3,2,1(=b , compute baa 1− . 

 )9,7,5(=a  ©ØÖ® )3,2,1(=b  GÛÀ baa 1− &øÁU 

PõsP. 

4. Define a division ring. 

 J¸ ÁSzuÀ ÁøÍ¯zøu Áøµ¯Ö. 
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5. If a ring homomorphism is an isomorphism, what 

can you say about its kernel? 

 J¸ ÁøÍ¯ ö\¯ö»õ¨¦ø© J¸ \© J¨¦ø© GÛÀ, 

Auß EmP¸øÁ¨ £ØÔ GßÚ TÓ •i²®? 

6. Let R be a ring and Rcba ∈,, . Prove that if ba|  

and ca|  then )(| cba + . 

 R Gß£x J¸ ÁøÍ¯®. ÷©¾® Rcba ∈,,  GßP. 

GÛÀ ba|  ©ØÖ® ca|  GÛÀ )(| cba +  GßÖ {ÖÄP. 

7. If F is the field of real numbers, prove that the 

vectors (1, 1, 0, 0), (0, 1, –1, 0) and (0, 0, 0, 3) in 

)4(F  are linearly independent over F. 

 F Gß£x ö©´ö¯sPÎß PÍ®. )4(F &À EÒÍ 

vø\¯ßPÒ (1, 1, 0, 0), (0, 1, –1, 0) ©ØÖ® (0, 0, 0, 3) 

Gß£Ú F&ß ÷©À ÷|›¯À \õº£ØÓx GÚ {ÖÄP. 

8. If W is a subspace of a vector space V, define the 

annihilator of W. 

 W Gß£x V GßÓ vø\¯ß öÁÎ°ß EÒöÁÎ GÛÀ 

W&ß }UQø¯ Áøµ¯Ö. 
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9. If V is a vector space over F, Vu∈  and F∈α , 

prove that uu αα = . 

 V Gß£x F&ß ÷©À J¸ vø\¯ß öÁÎ. Vu∈  ©ØÖ® 

F∈α  GßP. GÛÀ uu αα =  GßÖ {ÖÄP. 

10. Define the rank of a linear transformation. 

 J¸ ÷|›¯À E¸©õØÔ°ß uµzøu Áøµ¯Ö. 

11. Let V be the vector space of all polynomials  

over F of degree 3≤ . Let D be the  

differentiation operator defined by 

2
321

3
3

2
210 32)( xxDxxx ααααααα ++=+++ . 

Find the matrix of D relative to the basis 11 =v , 

xv =2 , 2
3 xv =  and 3

4 xv = . 

 V Gß£x F&ß ÷©À £i 3 AÀ»x AuØSU SøÓÁõÚ 

£iPøÍ²øh¯ AøÚzx £À¾Ö¨£õßPÎß vø\¯ß 

öÁÎ. D GßÓ ÁøP±mka ö\¯¼ GÚ Áøµ¯Ö¨¤ß 
2

321
3

3
2

210 32)( xxDxxx ααααααα ++=+++  

GÛÀ 11 =v , xv =2 , 2
3 xv =  ©ØÖ® 3

4 xv =  GßÓ 

AiUPnzøu¨ ö£õÖzx D&ß Ao°øÚU PõsP. 

12. Define similar linear transformations. 

 Jzu ÷|›¯À E¸©õØÓ[PøÍ Áøµ¯Ö. 
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PART B — (5 × 6 = 30 marks) 

Answer any FIVE questions. 

Each question carries 6 marks. 

13. Let G and G  be two groups and GG →:φ  is a 

homomorphism with kernel K. Prove that K is a 

normal subgroup of G. 

 G ©ØÖ® G  Gß£Ú Cµsk S»[PÒ. GG →:φ  

Gß£x K GßÓ EmP¸ öPõsh J¸ ö\¯ö»õ¨¦ø© 

GÛÀ K Gß£x G&ß J¸ ÷|ºø© EmS»® GßÖ 

{ÖÄP. 

14. If G is a group with npGo =)(  where p is a prime 

number, prove that )()( eGZ ≠ . 

 G Gß£x J¸ S»®, ÷©¾® npGo =)(  GßP. C[S   

p Gß£x J¸ £Põ Gs GÛÀ )()( eGZ ≠  GßÖ {ÖÄP. 

15. Prove that a finite integral domain is a field. 

 G¢uöÁõ¸ •iÄÒÍ Gs Aµ[P•® J¸ PÍ® GßÖ 

{ÖÄP.   

[P.T.O.]
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16. Prove that the ideal )( 0aA =  is a maximal ideal of 

the Euclidean ring R if and only if 0a  is a prime 

element of R. 

 )( 0aA =  GßÓ ^º©® R GßÓ ³UÎi¯ß ÁøÍ¯zvß 

ö£¸© ^º©©õP C¸¨£uØS ÷uøÁ¯õÚx® 

÷£õx©õÚx©õÚ {£¢uøÚ 0a  Gß£x R&À J¸ £Põ 

EÖ¨¦ Gß£÷u GßÖ {ÖÄP. 

17. If U and W are subspaces of a vector space V, 

prove that },,/{ WwUuwuvVvWU ∈∈+=∈=+  

is a subspace of V. 

 U ©ØÖ® W Gß£Ú V GßÓ vø\¯ß öÁÎ°ß 

EÒöÁÎPÒ GÛÀ  

 },,/{ WwUuwuvVvWU ∈∈+=∈=+  

 Gß£x V&ß J¸ EÒöÁÎ GßÖ {ÖÄP. 

18. If V is a vector space and Vvu ∈, , then prove that 

vuvu ≤),( . 

 V Gß£x J¸ vø\¯ß öÁÎ. ÷©¾® Vvu ∈,  GÛÀ 

vuvu ≤),(  GßÖ {ÖÄP. 
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19. If kλλλ ,,, 21 K  in F are distinct characteristic 

roots of )(VAT ∈  and if kvvv ,,, 21 K  are 

characteristic vectors of T belonging to 

kλλλ ,,, 21 K , respectively, prove that kvvv ,,, 21 K  

are linearly independent over F. 

 kλλλ ,,, 21 K  Gß£Ú F&À )(VAT ∈ &ß öÁÆ÷ÁÓõÚ 

]Ó¨¦ ‰»[PÒ. ÷©¾® kvvv ,,, 21 K  Gß£Ú 

•øÓ÷¯ kλλλ ,,, 21 K  Gß£Ú ö£õÖzu T&°ß ]Ó¨¦ 

vø\¯ßPÒ GÛÀ kvvv ,,, 21 K  Gß£Ú F&ß ÷©À 

÷|›¯À \õº£ØÓøÁ GßÖ {ÖÄP. 

PART C — (4 × 10 = 40 marks) 

Answer any FOUR questions. 

Each question carries 10 marks. 

20. If )(Gϑ  is the group of inner automorphisms of a 

group G and Z is the center of G, prove that 

ZGG |)( ≈ϑ . 

 )(Gϑ  Gß£x G GßÓ S»zvß EÒ uß J¨¦ø©PøÍU 

öPõsh J¸ S»®. Z Gß£x G&ß ø©¯® GÛÀ 

ZGG |)( ≈ϑ  GßÖ {ÖÄP. 
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21. Prove that every group is isomorphic to a subgroup 

of )(SA  for some appropriate S. 

 G¢uöÁõ¸ S»•® ö£õ¸zu©õÚ S&ø¯U öPõsh 

)(SA  Gß£uß J¸ EÒ S»zvØS \© 

J¨¦ø©¯õÚuõP C¸US® GßÖ {ÖÄP. 

22. Let R be a commutative ring with unit element 

whose only ideals are (0) and R itself. Prove that R 

is a field. 

 R Gß£x A»S EÖ¨ø£U öPõsh J¸ £›©õØÖ 

ÁøÍ¯®. Auß ^º©[PÒ (0) ©ØÖ® R ©mk÷© GÛÀ 

R Gß£x J¸ PÍ® GßÖ {ÖÄP. 

23. Prove that every integral domain can be imbedded 

in a field. 

 G¢uöÁõ¸ Gs Aµ[Pzøu²® J¸ PÍzvÀ £vUP 

•i²® GßÖ {ÖÄP. 

24. If V and W are of dimensions m and n, 

respectively, over F, then prove that ),(Hom WV  

is of dimension mn over F. 

 V ©ØÖ® W Gß£Ú F&ß ÷©À •øÓ÷¯ m ©ØÖ® n 

GßÓ £›©õn[PÒ Eøh¯Ú. GÛÀ ),(Hom WV  

Gß£x F&ß ÷©À mn GßÓ £›©õn® Eøh¯x GßÖ 

{ÖÄP. 
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25. If )(VAT ∈  has all its characteristic roots in F, 

then prove that there is a basis of V in which the 

matrix of T is triangular. 

 )(VAT ∈  Gß£uß AøÚzx ]Ó¨¦ ‰»[PÐ® F&À 

EÒÍÚ. T Gß£uß Ao •U÷Põn Ao¯õP 

C¸US©õÖ V&À J¸ AiUPn® EÒÍx GßÖ  

{ÖÄP. 

 

———————  


