
  

OCTOBER 2012 U/ID 32355/UCME 

Time : Three hours Maximum : 100 marks 

PART A — (10 × 3 = 30 marks) 

Answer any TEN questions. 

Each question carries 3 marks. 

1. If 
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e  and 
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φ , find the right 

cosets of { }φ,eH =  in 3S . 
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{ }φ,eH =  Gß£uß Á» CønPn[PøÍU PõsP. 

2. Let G  be the group of integers under addition and 

let GG →:φ  be defined by ( ) xx 2=φ . Prove that φ  

is a homomorphism. 

 G  Gß£x Tmhø»¨ ö£õÖzu •Ê GsPÎß S»®. 

GG →:φ  Gß£uß Áøµ¯øÓ ( ) xx 2=φ . φ  Gß£x 

J¸ ö\¯ö»õ¨¦ø© GßÖ {ÖÄP. 

(7 pages) 
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3. Express the permutation ( ) ( )( )2,13,2,1,2,1  as a 

product of disjoint cycles. 

 ( ) ( )( )2,13,2,1,2,1  GßÓ Á›ø\ ©õØÓzøu, ö£õx 

EÖ¨£ØÓ _ÇÀPÎß ö£¸UP»õP GÊxP. 

4. Prove that every field is an integral domain. 

 G¢uöÁõ¸ PÍ•® J¸ Gs Aµ[P® GßÖ {ÖÄP. 

5. If U  is an ideal of R  and U∈1 , prove that RU = . 

 U  Gß£x R &ß J¸ ^º©®. ÷©¾® U∈1  GÛÀ RU =  

GßÖ {ÖÄP. 

6. Define an Euclidean ring. 

 J¸ ³UÎi¯ß ÁøÍ¯zøu Áøµ¯Ö. 

7. Define the linear span of a non empty subset S  of 

a vector space V  and prove that it is a subspace of 

V . 

 V  GßÓ vø\°ß öÁÎ°ß öÁØÓÀ»õu EmPn® 
S &ß ÷|›¯À AÍõÁ¼ß Áøµ¯øÓø¯ GÊv Ax 
V &°ß J¸ EÒöÁÎ GßÖ {ÖÄP. 

8. If V  is a vector space over F  and if Vvu ∈,  and 

F∈α , prove that ( ) vuvu ααα −=− . 

 V  Gß£x F &ß ÷©À J¸ vø\°ß öÁÎ. Vvu ∈,  

©ØÖ® F∈α  GÛÀ ( ) vuvu ααα −=−  GßÖ {ÖÄP. 
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9. If F  is the field of real numbers, find ( )WA  where 

W  is spanned by ( )3,2,1  and ( )1,4,0 − . 

 F  Gß£x ö©´ö¯sPÎß PÍ®. W  Gß£x  ( )3,2,1  

©ØÖ® ( )1,4,0 −  Gß£ÚÁØÔß AÍõÁÀ GÛÀ 

( )WA &øÁU PõsP. 

10. If T  is a linear transformation with rank of T , 

( ) 0=Tr , what can you say about T ? 

 T  GßÓ ÷|›¯À E¸©õØÓzvß uµGs ( ) 0=Tr  

GÛÀ, T &ø¯¨ £ØÔ GßÚ TÓ •i²®? 

11. If F∈λ  is a characteristic root of ( )VAT∈ , prove 

that there exist 0≠v  in V  such that vvT λ= . 

 F∈λ  Gß£x ( )VAT∈ &ß ]Ó¨¦ ‰»® GÛÀ 

vvT λ=  GÝ©õÖ  V &°À J¸ 0≠v  C¸US® GßÖ 

{ÖÄP. 
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12. Let ( )3FV =  and suppose that 
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 is the 

matrix of ( )VAT∈  in the basis ( )0,0,11 =v , 

( )0,1,02 =v , ( )1,0,03 =v . Find the matrix of T  

in the basis ( )1,1,11 =u , ( )1,1,02 =u  and 

( )1,0,03 =u . 

 ( )3FV =  GßP 
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 Gß£x ( )VAT∈  &°ß, 

( )0,0,11 =v , ( )0,1,02 =v , ( )1,0,03 =v  GßÓ 

AiUPnzøu¨ ö£õÖzu Ao GÛÀ T &ß Aoø¯ 
( )1,1,11 =u , ( )1,1,02 =u , ( )1,0,03 =u  GßÓ 

AiUPnzøu¨ ö£õÖzx PõsP. 

PART B — (5 × 6 = 30 marks) 

Answer any FIVE questions. 

Each question carries 6 marks. 

13. State and prove fundamental theorem of 

homomorphism. 

 ö\¯ö»õ¨¦ø©UPõÚ Ai¨£øh ÷uØÓzøu GÊv 
{ÖÄP.   

[P.T.O.] 
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14. Prove that the alternating group nA  is a normal 

subgroup of nS  and [ ] 2: =nn AS . 

 nA  GßÓ JßÓõhU S»® nS  Gß£uß ÷|ºø© 

EmS»® GßÖ {ÖÂ [ ] 2: =nn AS  GßÖ {ÖÄP. 

15. If R  is a commutative ring with unit element and 

M  is an ideal of R , prove that M  is a maximal 

ideal of R  if and only if MR  is a field. 

 R  Gß£x A»S EÖ¨¦ Eøh¯ J¸ £›©õØÖ 
ÁøÍ¯®, ÷©¾® M  Gß£x R &ß J¸ ^º©®.  
M   Gß£x R &ß ö£¸© ^º©©õP C¸¨£uØS 
÷uøÁ¯õÚx® ÷£õx©õÚx©õÚ {£¢uøÚ MR  

Gß£x J¸ PÍ® Gß£÷u GßÖ {ÖÄP. 

16. State and prove unique factorisation theorem. 

 J÷µ ÁÈ¨£SzuÀ ÷uØÓzøu GÊv {ÖÄP. 

17. If V  is a finite-dimensional vector space over F , 

prove that any two bases of V  have the same 

number of elements. 

 V  Gß£x F &ß ÷©À •iÄÒÍ £›©õn® öPõsh 
J¸ vø\°ß öÁÎ. V &ß G¢u Cµsk 
AiUPn[PÎ¾® J÷µ GsoUøP°»õÚ EÖ¨¦PÒ 
C¸US® GßÖ {ÖÄP. 

18. Derive Schwarz inequality. 

 ìÁõºmì&ß \©Ûßø©ø¯ u¸Â. 
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19. If V  is finite-dimensional over F , prove that 

( )VAT∈  is invertible if and only if the constant 

term of the minimal polynomial for T  is not 0. 

 V  Gß£x F &ß ÷©À •iÄÒÍ £›©õn® öPõshx.  

( )VAT∈  Gß£x ÷|º©õØÓ¾øh¯uõP C¸¨£uØS 

÷uøÁ¯õÚx® ÷£õx©õÚx©õÚ {£¢uøÚ T &ß 

]Ö© £À¾Ö¨£õÛß ©õÓõ EÖ¨¦ 0 AÀ» Gß£÷u 

GßÖ {ÖÄP. 

PART C — (4 × 10 = 40 marks) 

Answer any FOUR questions. 

Each question carries 10 marks. 

20. State and prove Cayley’s theorem. 

 ÷P´¼°ß ÷uØÓzøu GÊv {ÖÄP. 

21. Derive the class equation of a group G . Using the 

class equation, prove that if p  is a prime number 

and ( )GOp| , then G  has an element of order p .  

 G  GßÓ J¸ S»zvß ÁS¨¦a \©ß£õmiøÚ u¸Â 

AuøÚ¨ £¯ß£kzv, p  Gß£x J¸ £Põ Gs ©ØÖ® 

( )GOp|  GÛÀ G &°À p  {ø»©® öPõsh J¸ 

EÖ¨¦ C¸US® GßÖ {ÖÄP. 
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22. If U  is an ideal of a ring R , prove that UR  is a 

ring and is a homomorphic image of R .  

 U  Gß£x R  GßÓ J¸ ÁøÍ¯zvß ^º©®, GÛÀ 
UR  Gß£x J¸ ÁøÍ¯® GßÖ {ÖÄP. ÷©¾® Ax 

R &ß ö\¯ö»õ¨¦ø© Gv¸¸Á® GßÖ® {ÖÄP. 

23. Prove that every integral domain can be imbedded 

in a field. 

 G¢uöÁõ¸ Gs Aµ[Pzøu²® J¸ PÍzvÀ £vUP 
•i²® GÚ {ÖÄP. 

24. If V  is a finite-dimensional inner product space 

and if W  is a subspace of V , prove that 
⊥+= WWV . 

 V  Gß£x •iÄÒÍ £›©õn® öPõsh J¸ EÒ 
ö£¸UPÀ öÁÎ. W  Gß£x V &ß EÒöÁÎ GÛÀ 

⊥+= WWV  GßÖ {ÖÄP. 

25. If V  is n -dimensional over F  and if ( )VAT∈  has 

all its characteristic roots in F , then prove that T  

satisfies a polynomial of degree n  over F . 

 V  Gß£x F &ß ÷©À n &£›©õn® öPõshx, 
( )VAT∈  Gß£uß AøÚzx ]Ó¨¦ ‰»[PÐ® F &À 

EÒÍÚ GÛÀ T  Gß£x F &ß ÷©À n  £i öPõsh 
J¸ £À¾Ö¨£õøÚ v¸¨v ö\´²® GÚ {ÖÄP. 

———————— 


