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GROUP A

Answer all questions

Al. A standard deck of cards, containing 13 cards in each of 4 suites,

is distributed equally among 4 players.

(a) Show that each player must have at least 4 cards of the same
suite. 5]

(b) Define data structures to represent (i) the deck of cards, and
(ii) a distribution of the cards to the four players. 5]

(c) Using your data structures, write an algorithm which
distributes the deck of cards one by one to the four

players in a cyclical manner. 5]

A2. Consider polynomials of degree n of the form
p(z) = ag + a1x + agx® + ... + a,a”,
where a;’s are integers in [—20, 20].

(a) How many such polynomials p(z) are there? 3]

(b) Show how to use an array to represent such a polynomial.
[4]

(¢) Given such a polynomial p(z), write an algorithm to find all
the integer roots of p(x) that are in [0, 100]. [4]

(d) How many polynomials p(z) are there such that a; < a;;1,
fori=0,1,...,n—17 [4]






Cl1.

(a)

GROUP B

[. COMPUTER SCIENCE

Answer any five questions

Fill in the blanks in the following routine that computes the
preorder traversal of a binary tree using a stack. The blanks
should be filled in using only the standard push() or pop()

operations with appropriate arguments. [4]

void Stack_Preorder (Tree T, Stack S) {
if (T == NULL) return; else
while (!isempty(S)) {
T= ___________ ;
print_element (T -> Element);
if (T -> Right != NULL)

if (T -> Left != NULL) ___________ ;

}

What will be the output if the following C program is
executed on a little endian machine? Assume sizeof (int)

and sizeof (char) are 4 and 1 respectively. [4]

#include <stdio.h>

int main(void) {

int 1i;
int n = 261;
char *ptr;

ptr = (char *)é&n;
for(i = 0; i < 4; i++)
printf("%d ", *ptr++);

return O;



(c¢) Let root be the root of a binary tree and n be an integer.
The node data structure for a binary tree is defined as fol-

lows.

struct node{

int data;

struct node *left, *right;
}s

Counsider the function X() defined below.

int X(struct node *node, int a) {
if (node == NULL)
return (a == 0);
else {
int b = a - node->data;
return (X(node->left, b) || X(node->right, b));

by

If X(root, n) returns 1, what property must the binary tree

have? Justify your answer. 6]

C2. You are given a set S = {(x1,11), (2,¥2), .-, (Tn,yn)} of n (> 1)
points on a plane, where for all i, 1 < i < n, z; > 0, y; > 0.
A point (z;,y;) € S is said to dominate a point (x;,y;) € S if
x; > x; and y; > y;. A point in S is called mazimal if no point

in S dominates it.
(a) Design an algorithm to find any one maximal point of S in
O(n) time. 4]

(b) Design an algorithm to find «ll maximal points of S in
O(nlogn) time. [10]



C3. Let T be a binary tree (not necessarily balanced) with n nodes.
A path vy, vy, ,vx_1, v in T is said to be a maximal path if it
satisfies the following three conditions:

e the interior vertices vy, -+ ,vp_1 are all of degree 2,
e 1 is either the root or a degree 3 vertex, and

e v is either a leaf or a degree 3 vertex.

Let the Prune() operation be defined as follows:

Step 1. For every maximal path vy, vy, -+ ,vx_1, v in T, remove
the interior vertices vy, --- ,vi_1, and add an edge between
vo and vy,.

Step 2. Remove every leaf of T
Based on the above definition,

(a) show that, after a Prune() operation, the tree will contain

no more than n/2 nodes; [10]

(b) hence, or otherwise, show that after successively applying
the Prune() operation on 7' for O(logn) iterations, 7" will

be reduced to a tree with a single node. [4]

C4. Let L = {07 19 2mx(P4) | p ¢ are positive integers}. Is L regular?

Is L context-free? Justify your answer in each case. 6 + §

C5. (a) Prove or disprove: Every Eulerian bipartite graph has an

even number of edges. [4]

(b) Fibonacci numbers are defined as follows: F; = 1, Fy = 1
and F; = F;_ 1 + F;_5 for i = 3,4,.... Prove that every
positive integer n (> 3) can be written as a sum of at most

log, n distinct Fibonacci numbers. [10]



C6.

(a)

For a computer C, the cycles per instruction (CPI) is 1.0.
The miss rate and miss penalty are 2% and 25 clock cycles,
respectively. Load and store instructions account for 50%

of the program. Compute the speed-up if C’s miss rate is

reduced to 0%. 4]

You are given a positive integer A, stored in 32-bit 2’s com-
plement form in register t;. Write a sequence of machine-
language instructions to compute N = |31xA/4 |17, where
%, /, | | represent multiplication, division, and floor oper-
ations, respectively. Note that the concerned machine has
ten 32-bit general-purpose registers tq, ts, - - - , 19, and it only
supports the following machine-level instructions involving
integers:
ADD t;, t;, t, adds the contents of registers ¢; and t;
stores the result in ¢;
SUB t;, t;, t,,  subtracts the content of register ¢, from
that of register t;; stores the result in ¢;
In addition, the machine also supports the following bit-level
operations:
SLL t;, t;, d shifts the bit-pattern in register ¢; by d
bits to the left and stores the result in ;.
SRL t;, t;, d shifts the bit-pattern in register ¢; by d
bits to the right and stores the result in ¢;.
For the above operations, d is an integer less than or equal
to 32. While shifting the bits in ¢;, the empty bits from the
right-end/left-end are filled with 0’s.

The value of N should be finally saved in register ¢;. Justify
your reasoning when you write the code. Assume that N
does not exceed 23! — 1. Note that the machine does not

support any other instructions (e.g., multiply or divide).

[10]



C7.

(a)

Two computers A and B are connected over a circuit-switched
network. All links in the network use time division multi-
plexing (TDM) with 24 slots/sec and have a bit rate of 1.536
Mbps. It takes 500 msec to establish an end-to-end circuit
between A and B. How long does it take to send a file of
640, 000 bits from A to B? 5]

Consider the following extract from a program, written in a

C-like language, that computes the transpose of a matrix.

for (i = 0; i < N; i++)
for (j = 0; j < N; j++)
Bli,jl = Alj,i];
A and B are NxN matrices with floating point entries that

are stored in memory in row-major order as shown in the

example below.

|AJ0,0]] AJ0,1][ A[0,2]].. ] AJoN-1][ A[1,0][ A[1,1]]. | A[N-1,N-1]]

This program runs under an operating system that uses
paging based memory management. Considering only
memory references to the matrix entries, and using the
information given below, compute the page fault rate for
the matrix transposition code given above.

e Page size: 210 bytes

e Number of frames allocated to the program: 8

e Page replacement policy: LRU

o N =216

e Size of each matrix entry: 8 bytes

e Each of A and B is stored starting from the beginning of

a page.
e None of the pages allocated to A or B are initially in

memory. 9]



C8. (a) Consider a relational schema X (P,Q, R,S,T,U) on which

the following functional dependencies hold:
{P—=Q, QR— S, T— R, S— P}.

Are PTU and QRU candidate keys? Justify your answer.
[4]
(b) Let R(A, B,C) and S(B,C, D) be two relations. Consider
the following relational algebra expressions.
o Ei: map(oo—c(R) > S)
o Ey: map(oo—c(R)) X mp(0c=c(S))
o [3: 0p_y(0a—anc=c(R) > 0p—q(S5))
® By 0a—anB=brc=c(R) X 0p=prc=crp=a(S)
In the above expressions, a, b, ¢ and d are specific values
that the attributes A, B, C' and D may respectively take.
Here, 0 and 7 denote the standard selection and projection
operations respectively.
(i) Show that E; and E, will produce the same result.
(ii) Show that E3 and E4 will produce the same result.
(iii) From the query optimization point of view, which among
E5 and E, would you prefer and why? [4 4+ 3 + 3]



II. ELECTRICAL AND ELECTRONICS ENGINEERING

Answer any five questions

El. (a) Consider the following circuit, where two Zener diodes Z;
and Zy have negligible forward voltage drops. The constant
reverse breakdown voltages of Z; and Zy are 10V and 5V
respectively. If the input voltage V7 is a 15V square wave
and R = Ry = 12, plot the output voltage V. Justify

your answer. 4]

+ 0—/\/\/\/ NS 1
v N

(b) Explain what would happen if the Zener diodes are replaced
by ideal regular diodes. [10]

E2. Consider an alphabet of 6 symbols whose probabilities in a
particular text are as follows:

Al B C D E | F
0.1]10.05/01]0.05]04]0.3

Consider the following game. From the given text, a symbol is
picked up randomly by your opponent and you need to determine
which symbol it is, by asking ‘yes/no’ questions pertaining to
individual symbols (for example, “is it A?”) that will be truthfully

answered.

(a) What will be your strategy so that “the average number of
questions to be asked to determine a symbol” is minimized?

Justify your answer. 5]



(b) With your strategy, what is the average number of questions
that you need to ask in order to determine a symbol for the
above data? 3]

(c) How can your strategy be exploited in generating decodable
binary codes for the above set of alphabets? What do the

code-words optimize? 6]

E3. (a) Consider the following source-free circuit, where D is an ideal
diode and Cy, Cy and L are ideal circuit elements. Plot i(¢)
assuming V;(0) = Vpand V5(0) = 0, as long as D conducts.

[10]

D
N
Lt
t=0 +
L

+
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2
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(b) Without making further calculations, outline what would

happen if a resistance R is introduced in series in the circuit.
[4]

E4. (a) A 3-phase, 50 Hz, A-Y connected transformer supplies power
to a Y-connected balanced load. Let its maximum efficiency
be achieved at % full-load. Determine the full-load efficiency
of the transformer at power factor 0.8, when the input line
voltage is 2.2 kV and the output phase current is 10A.
Assume a turns ratio of 1:5 and the iron loss to be 3.6 kW.

[6]
(b) A 12-pole, 3-phase alternator driven at a speed of 500 r.p.m.
supplies 200v/3 V to an 8-pole, 3-phase, Y-connected

10



induction motor. The rotor is also Y-connected with stator-
to-rotor turns ratio of 2:1. Assume that the rotor resistance
per phase is 0.6 €2 and the standstill rotor reactance per
phase to be 0.8 (2.

(i) Calculate the speed of the rotor if slip is 4%.
(ii) Calculate the rotor current.

(iii) If the rotor speed decreases to 705 r.p.m. due to extra

load, calculate the frequency of the rotor e.m.f.
2 + 4 + 2]

E5. (a) Consider a Boolean function F(xq, 9,23, x4,25) such that

F =1 if exactly three of its inputs have the value 1.

(i) How many essential prime implicants does F' have?
(ii) What is the total number of true minterms in F'7
3 + 3]
(b) Realize the Boolean function F'(z1, x9, x3, 24) represented by
the Karnaugh map given below with the circuit structure
shown alongside. Each of C}, C; and C} is a two-input gate
where C; € {AND, NAND, NOR, XOR, XNOR}, i = 1,2,3.
You may use any number of additional inverters as needed.

8]

C1 —

E6. (a) Design a synchronous sequential circuit C' with one binary
input x and one binary output z such that z = 1, if and only
if any two of the last three inputs (including the present one)
were 1. You will be given D-flipflops, logic gates and a clock

source as needed. 6]

11



(b) Draw the state diagram for the above-mentioned synchronous

sequential circuit C. [4]

(¢) The circuit C receives an input stream (leftmost bit arriving
first at C') as follows:

Input(z):01011010011100

Determine the corresponding output sequence in accordance
with the design of C. [4]

E7. (a) Consider a linear time-invariant analog filter with an impulse
response
0.2¢ | 0.6t :
e +e for t > 0;
h(t) =
0 otherwise.

(i) Determine the transfer function of the system.
(ii) h(t) is now sampled with a sampling frequency of
1 Hz to produce a discrete-time impulse response h[n].

Determine the corresponding transfer function.

(iii) Does h[n] represent a stable discrete-time system?

Justify your answer. 3+ 4+ 3]
(b) Determine the causal sequence whose Z-transform is

1
1-0.7277

12



E8. (a) For the transistor circuit given below, determine Vgp if

(b) For the circuit in the figure below, derive an expression for

Vi
Tiva) [7]

13



[IT. MATHEMATICS

Answer any five questions

M1. (a) Find the number of positive integers with & digits, that do
not contain the digit 7. 6]

(b) Let S denote the set of all positive integers that do not

contain the digit 7. Prove that the infinite series
S
nes
converges. 8]
M2. (a) Let = be an irrational number. Show that for any positive
integer k > 1, there exists 5, > 0, such that the open interval

(x — O, x + i) does not contain any rational number of the

form £, where p is an integer. 6]

(b) Consider the function f defined on [1,2] as follows:

if x € [1,2] is irrational

= O

fz) =

if z € [1,2] is a rational £ where p and

k are integers prime to each other

Show that f is discontinuous at every rational = € [1,2] and

continuous at every irrational x € [1,2]. 8]

M3. Let S be a ring with the property that for all a € S with a # 0,

there exists a unique b € S such that aba = a.

(a) Consider an element a € S with a # 0. Show that (i) ac =0
implies ¢ = 0 and (ii) ca = 0 implies ¢ = 0. 3 + 2]

(b) Show that for every a € S with a # 0, there is a unique
b € S such that ba = ab = 1. [9]

M4. A, is said to be a general positive definite matrix if x Ax > 0

for all non-zero x € R".

14



(a) If A is a general positive definite matrix, would A 4+ A’ have

all eigenvalues positive? Justify your answer. [7]

(b) Give an example of a matrix A which has all eigenvalues

positive, but is not a general positive definite matrix.  [7]
M5. Let A = ((a;;)) be an n X n matrix such that a;; = 1if i —j| =1
and a;; = 0 if |i — j| > 1.

(a) Show that the (i,7)-th element of A%is 0 if |i — j| > 2. [5]

(b) Show that the characteristic polynomial of the matrix A is
the polynomial p(-) of the smallest degree such that p(A) is

a matrix with all entries 0. 9]

M6. Let S, be the group consisting of all permutations of n symbols.

(a) Let n = ny + --- + ng, where k& > 2. Show that S, has a

cyclic subgroup of order lem (nq, ..., ng). [4]

(b) Show that S5 has a normal subgroup H such that S5/H is
of order 20. [4]

(c¢) Consider the following permutations:
1 23 45 6
4 3 216 5
345 6
6 1 5 2

1 2 4
I, — 3 5 6
4 6 3 51 2

For each of the following pairs, determine whether they are

IT,

=
(M)

I
-~
G
W N

conjugate and if so, obtain a conjugating permutation.
(1) H]_ and H2
(11) H2 and Hg [3 + 3]
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M7. (a) Find all solutions in z (with 0 < x < 720) to the following

system of equations: 8]
x=1mod 5
r =2 mod 8
r =3 mod9

(b) Let n be a positive integer. Show that the number of par-

titions of n, having one part more than Z, is equal to the

27
number of partitions of n having more than % parts. 6]

MS. (a) Give an example of a graph having two maximal independent

sets with a non-empty intersection. [4]

(b) In a graph G = (V, E), let S be a maximal independent set.

Show that V' \ S is a minimal vertex cover. [4]

(c) Let I, Iy be two maximal independent sets and T' = I; N 5.
Show that for every vertex w € I; \ T, there is a vertex
v € I\ T such that (u,v) is an edge of G. 6]

16



IV. PHYSICS

Answer any five questions

P1. (a) A point mass moves under a force directed towards a fixed
point and the force depends on the distance from the fixed

point.

(i) Show that the particle would be forced to move in a
plane.
(ii) Show that the area traversed by the particle in unit time
1s constant.
(iii) If the force F varies as the inverse of the square of the

distance, show that
? X F =0

Discuss its implication on conservation of energy.
2 4+ 2 + 3]

(b) A simple pendulum hangs from the ceiling of an elevator

which is moving down with constant acceleration f.

(i) Write down the Lagrangian of the system.

(ii) Construct the Hamiltonian and obtain the equation of

motion from the Hamiltonian.

(iii) Under what condition will the time period of the
pendulum be infinite? 3+ 2+ 2]

P2. (a) In an inertial frame, two events have the space time coordi-
nates {z1,y, z,t1} and {x9,y, 2,12 }.
Let o — x7 = 2¢(te —t;) > 0. Consider another inertial
frame which moves along z-axis with velocity u with respect
to the first one. Find the value of u for which the two events
are simultaneous in the latter frame (¢ represents the veloc-

ity of light in vacuum). 6]

17



P3.

P4.

(b)

(a)

The transformation equation between two sets of coordinates
[Q, P] and [q, p] are

Q =1In(1+/q cosp), P=2(1+/q cosp)y/q sinp.

Show that if ¢, p are canonical variables, then @), P are also

canonical variables. 8]

Consider a simple harmonic oscillator in one dimension with

the Hamiltonian
1
H = hw (aTa + 5)

where a and a' have the usual meaning of annihilation and

creation operator. Show that [aT, H] = —al. 6]
The wave function of the Harmonic oscillator at ¢ = 0 is
given by

¥(0) = N (20 > +[3 >)
where N is the normalization constant and |n > is the eigen-
function of corresponding energy eigenvalue

1

(i) Find the normalization constant N.
(ii) Calculate the expectation value of the energy for this

wave function.

(i) Find the wave function ¢ (t) at time ¢. 2+ 3+ 3]

A particle of mass m is confined to a line and has a wave-
function ¢ = Cexp(—a?z?/2). Calculate C in terms of a.
Find the potential energy at a distance x from the origin if
the total energy of the particle is (h%a?)/(87%*m).  [3 + 5]

What is the velocity of a relativistic electron of mass m
whose kinetic energy is equal to the energy of a photon of
wavelength . Consider ¢ and h to be the velocity of light

and Planck’s constant, respectively. 6]

18



P5.

P6.

(a)

In a region there is a uniform electric field £ and a uniform
magnetic field B, both directed along the z-axis. A particle
of mass m and charge () is injected at time ¢ = 0 with a
velocity vy along the z-axis. Find the velocity of the particle
at time ¢. [7]

For the C-shaped magnet made of soft iron core as shown
in the following figure, ugr for soft iron is 3000, ¢ = 2A,
[ =50 cm and d =5 cm. Let N be the number of turns.

(i) Find the B—field.

(ii) Determine the number of turns required to produce a
field of 1000 Gauss. [5 + 2]

The cross-section for excitation upon impact with an elec-
tron beam for an atomic level X is oy = 1.5X107%cm?2.
The level has a lifetime 7 = 107 ®sec. It decays to the level
Y. Let an electron beam of 10 mA/cm? be allowed to pass
through a vapour of these atoms at a pressure of 0.1 torr at
room temperature. Calculate the number of atoms per unit

volume at equilibrium for the energy level X. [7]

One mole of a diatomic perfect gas which is initially at a
temperature Ty, expands from volume V; to 2V (i) at con-
stant temperature, (ii) at constant pressure. Calculate the
work done and the heat absorbed in each case, given that

C, = 2R for diatomic gas. [3 + 4]
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P7. (a) Find the RMS speed and the de Broglie wavelength of an
Oxygen molecule of mass M at a temperature 7" where £ is

the Boltzmann constant. 5]

(b) Consider the following circuit. Calculate V; at steady state.

[9]

1Q 1H 2Q

(D) O w

1uF

P8. (a) Consider the following circuit, where D; and D, are two

ideal diodes. Find the output voltage Vj for:

() Vi=Va=10V

(ii)) =10V and Vo =0V

Consider that Ry = Ry =1Q; R, =9Q; and Vg =5 V.

(3 + 3]
R D,
T AN >
+
+o—AAN
‘ R2 llgzl RL
" V.
‘/2 0
| "I

(b) Simplify the following Boolean function in product-of-sums

form and draw the logic diagram using NOR gates:
F(A,B,C,D)=1%(0,1,2,5,8,9,10).

20



V. STATISTICS

Answer any five questions

S1. (a) If m red balls and n green balls are arranged at random in
a line, find the expected number of adjacent places occupied
by two balls of different colours.

[For example, in case of 2 red balls and 2 green balls, the

arrangement RG RG will have 3 such adjacent places, while
RGGR will have 2 such adjacent places.] 6]

(b) Let X be the number of times a fair dice has to be rolled until
all six faces appear at least once. Find E(X) and Var(X).

8]
S2. (a) Let X,Y have a bivariate normal distribution with zero
means, unit variances, and correlation coefficient p.

(i) Find the density of X/Y.

(ii) Find the probability P(X > 0,Y > 0). [4 + 3]
X1

(b) Let X = | X, | be a d-variate standard normal vector,
X3

where X; is of dimension d;, for ¢ = 1,2,3. For j = 1,2,
define Z; = X,X;/X'X. Find the joint distribution of
(Z1, Z2). [7]

S3. A book is checked by successive proof-readers to identify and
correct typographical errors. Assume that a proof-reader who
receives a book containing ¢ errors will return it with j errors,
0 < j < i, with equal probability for each j. The book is then
passed on to the next proof-reader. Assume that the book initially

has 50 errors.

(a) Formulate the above process as a Markov chain, clearly
describing the state space and the transition probabilities.
[4]
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S54.

S6.

(b)

()

(a)

Show that it is an absorbing chain with only one absorbing
state. 3]

Find the expected number of proof-readers required till all

50 errors are corrected. [7]

Let Xq,...,X,, be independent and identically distributed
N(p, 1) variables. Find the uniformly minimum variance
unbiased estimator for ®(u), where ® denotes the cumulative

distribution function of the standard normal distribution. [§]

Consider the uniform distribution on
Sp={x=(z1,22); 0 <|x|| <O+1}.
If x1,%s,...,%X, are n independent observations from this

distribution, find the maximum likelihood estimate of 6. [6]

Let Y = X7, where X ~ U(0,1), Z ~ N(0,1), with X and
Z being independent. Find the best estimator (in terms of

mean squared error) of Y based on X. 4]

Consider a pair of hypotheses Hy : f(z) = %ng&z and
Hy: f(z) = %e"w‘.

(i) Construct a most powerful test of level @ (0 < o < 1)

based on a single observation.

(i) If p, is the power of this test, show that

1- «a
tan {%} +log a =0

(7 + 3]
Consider a linear model Y; = x;8+¢;; i = 1,2,...,n, where
x; and B are d-dimensional vectors (d < n) and €1, ...,€,

are independent and identically distributed as N (0, 0?). Let
,@ be the least square estimator of 3. For any m € R?, show

that m’'( is the best linear unbiased estimator of m’'g. [7]
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(b) Consider the linear models Yj, = Bjo + Zle BjiTik + €k
for k =1,2,...,n and 5 = 1,2, 3, where the z;.’s are non-
stochastic and the ¢;,’s are independent and identically
distributed with mean 0 and variance o2. Let f@k be the least
square estimator of Y, for all j, k. If Yy, + Yo, + Y3, = 10
for all k, does it necessarily imply Yik + Yor + )A/gk = 10 for
all k7 Justify your answer. [7]

S7. Consider the following linear model with three observations.
Yy = 5M+391+492+93+61
Yo = 24+ 205+ €
Ys = ,u—3t91+292—93+€3

where €1, €9, €3 are independent and identically distributed as
N(0,0%). Assume that 0 + 05 + 03 = 1.

(a) Show that (6, — 62) has a linear unbiased estimator. 3]
(b) Find the best linear unbiased estimator of (6, — 65). 3]
(c) Derive the standard F-statistic for testing Hy : 61 = 05 vs.

H, : 6, # 6, for the above model. 8]

S8. (a) Let X = (X;,X5) follow a bivariate normal distribution
with mean vector 0 = (0,0)" and dispersion matrix I, the
2x 2 identity matrix. Find the correlation coefficient between
Y1 = Xi sgn(Xs) and Yy = X5 sgn(X;), where sgn(z) =
1,—1, or 0 according as z > 0,z < 0, or z = 0. 6]

(b) Consider a classification problem involving two classes C}
and O, with equal priors. Let C} be an equal mixture
of N((1,1)',Iy) and N((—1,—1),1I,), and, C, be that of
N((1,-1),I,) and N((—1,1),1,). Show that probability
of misclassification for any classifier is at least 20(1)®(—1),
where ® denotes the cumulative distribution function of the

standard normal distribution. 8]
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