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Group A

1. Letk be afixed positive integer greater than or equal.tbet

filz) = ==L forz € R, and

fulx) = fi(faoi(z)) forz € Randn > 2.

Find lim f,(z), if it exists, forz € R. [10]

2. Leta < b < ¢ < d be four real numbers, such that all six pairwise
sums are distinct. The values of the smallest four pairwise sums are
1, 2, 3 and4 respectively. What are the possible valuegl®fJustify
your answer. [10]

3. Consider thé x 10 matrix A as given below.

1 6 11 16 21 26 31 36 41 46
2 7 12 17 22 27 32 37 42 47
A=13 8 13 18 23 28 33 38 43 48
4 9 14 19 24 29 34 39 44 49
5 10 15 20 25 30 35 40 45 50
Let a set of ten distinct elemeriis b-, . . . , b1g be chosen fromd such

that exactly two elements are chosen from each row and exactly one
from each column. Show that + b, + - - - + by is always equal to
255.

[10]



Group B

Section (i): Mathematics

1. Define a sequende:,, }>° , as follows:

r1 = 0,
Tpi1 = ax,+ =, forn>1and some > 0.
Show that the sequende;,, }°° , is bounded iffd < a < 1. [14]

2. (a) Testthe following series for convergence

[e.o]

> -1y

n=1
(b) Find all the limit points of the set
1
(2 :
A={n —i—W.n,mEZ,m;éO},
whereZ is the set of integers.
[7+7=14]

3. Letn be the cardinality of a set andm the cardinality of each of the
setsB andC, whereB, C' C A.

(a) What are the possible values|éf|  C|, where|S| denotes the
cardinality of the set'?

(b) For a given value of, in how many ways can the elementsif
andC be chosen sothaB | C| = k?

[5+9=14]
4. (a) Letf be areal-valued function such that

|f(z) = f(Y)| = |z —y[,Vz,y € R.
Show that there do not exist real numbers, c such that

a <b<c with f(a) < f(c) < f(b).
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(b) Find lin%1 f(t) dt, where

=0z J,
sint7 if ¢ 0
ﬂ”:{i 10

[7+7=14]

5. Consider the following matrix

—_ O =
_ == O

1
1
0
1

O = =

(a) Find one eigen-value of this matrix and its corresponding eigen-
vector. Justify your answer.

(b) Show that the sum of three of its eigen-values.is
[7+7=14]

6. (a) LetA be a square matrix such that = mA, wherem (# 0) is
any real number. Show that

tr(A) = m x rank(A),

wheretr(A) denotes the trace of.
(b) Consider the matrix

3 0 0
A=[0 4 3
0 V3 6
Findtr(A™1).
[9+5=14]
7. Consider the two sets given below and the operations defined on them.

e 51 = {1,2,...,20} with the operation *" as multiplication
modulo 21.

e S5 = {1,2,...,22} with the operation ‘.’ as multiplication
modulo 23.



(@) Are(Sy,*) and(S,,.) groups? Justify your answer using the
definition of a group.

(b) In case any one of them is a group, find the inversgiofit and
also find a non-trivial subgroup of that group.

[7+7=14]
8. (a) Find the surface satisfying the differential equation
u  _Ou

with boundary conditionss = 0 wheny? = 4az, andu = 1
wheny? = —4azx.

(b) Find real numbers andj such that the differential equation

d*y dy
@4—((1—3)%—1—0@—0

hasy = A cosz + B sinGx as its general solution for arbitrary
constantsd, B.

[7+7=14]
Section (ii): Statistics

1. (a) Let(X,Y) be arandom vector having a joint bivariate distribu-
tion with density

1 for0<y<az—|z]andd <z <2
fw,y) = { 0 otherwise,

where| x| refers to the largest integstrictly less than:. Find
E(X),E(Y), Var(X) and Va(Y').

(b) Let X be arandom variable with density

x for0<z <1
fley=¢ z—1 forl<z<?2
0 otherwise.
Find the distribution of” whereY = | X — 1|. [7+7=14]
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2. (a) Does there exist a pair of random varialfl&sY") satisfying
(i) Var(X)=Var(Y)=1,
(i) Var(X +Y)=2 and
(iii)y Var(X —Y)=1?
If your answer is yes, give an example of such a pair of random
variables. Otherwise, justify your assertion.

(b) Suppose that a sequence of random variaphas X, X,, ...}
is defined by the following recurrence relation

Xo=0, X, =pX, 1+ Z,, forn=1,2,...,

where0 < p < 1is fixed andZ,, Z,, Zs, ... are random vari-
ables satisfying Vai,,) =1 forn > 1 and Cov¢,,, Z,,) = : for
n,m > 1 andn # m. Find Var(X3).

[5+9=14]

3. A binary message, either 0 or 1, is to be sent from location A to loca-
tion B. It is decided to transmit the value +2 if the message is 1 and
value -2 if the message is 0. There is a random transmissionerror
so that a value sent from A is received aB = = + y at B.

Suppose the decoding at B follows the rule thakif> 0.05, the
message is decoded as 1 while it is decoded asf & 0.05. If

we assume that ~ N(0, 1), which of the two errors is more likely,
decoding a message 1 as 0 oramessageOas 1? [14]

4. LetXy,..., X, beiid observations from & (u, 1) distribution, where
1 is an unknown real number.

(a) Find the Minimum Variance Unbiased Estimatoebbased on
X1, X

(b) Show that this estimator does not attain the Cramer-Rao lower
bound for the variance of any unbiased estimatar“dfased on
n iid observations from the assumed distribution.

[7+7=14]



5. (a) LetXy,..., X, beiidU(6 — 1,0 + 1) wheref is an unknown
real number. Show that for any real numbee (0, 1),

(X — 1)+ (1 —a)(Xa +1)

is @ maximum likelihood estimator for the unknownwhere
Xy and X,y are the smallest and largest sample observations
respectively.

(b) LetXy,..., X, beiid N(u,1)wherey is only known to belong
to the set of all integers. Find a maximum likelihood estimator
for u based onXy, ..., X,,.

[7+7=14]
6. (a) LetXy, Xy,..., X, beiidN(u,1). We would like to test
HO:/LZOVS.Hll/,Lzl,

with o = 0.05 andg < 0.05, wherex and3 are the probabilities
of type | error and type Il error respectively. Is it possible to find
such a test fon = 87? Is it possible for, = 1007?

You may taked(1.64) as 0.95, whereb(.) is the cumulative
distribution function of the standard normal variate.

(b) Suppose we have a single random observation from a discrete
probability distribution giving positive probabilities to only the
points 1, 2, 3 and 4. It is known that the probability distribution
is dependent on an unknown parametevhich can take either
the value 10 or the value 20. #f= 10, the distribution assigns
probabilities 0.15, 0.25, 0.30 and 0.30 to the values 1, 2, 3and 4
respectively. Iy = 20, the corresponding probabilities are 0.20,
0.30, 0.36 and 0.14 respectively. Based on the single observa-
tion, we would like to test{, : 6 = 10 vs. H; : § = 20. Find a
most powerful test of level 0.35 for this problem.

[7+7=14]

7. An experimenter wants to compare the effects of 2 levels of tempera-
ture and also the effects of 2 levels of pressure on a chemical process.
In each run of the experiment, one level of temperature and one level
of pressure can be used. Suggest a suitable design for this experiment
in each of the following cases:



(a) four runs of the experiment are possible in one day and the ex-
periment will run over two days,

(b) two runs of the experiment are possible in one day and the ex-
periment will run over four days.

(It is known that all runs of the experiment in a single day can be car-
ried out under similar conditions, but conditions may vary on different
days).

In each case, state the null and alternative hypotheses of interest. Also
give the form of the ANOVA table for analysing the data showing the
sources of variation, associated degrees of freedom and expressions
for the sum of squares. [14]

. Consider a population with 3 units, labeled 1, 2 and 3. Let the values
of a random variable of interest (y) for these unitsg/pey, andys re-
spectively. A simple random sample without replacement (SRSWOR)
of size 2 is drawn from this population. Consider the two estimators:

(@) v, i.e., the usual sample mean, and

R 2+ %2  ifthe sample consists of units 1 and 2
(b) Y =4 %+ ifthe sample consists of units 1 and 3
£ + %2 ifthe sample consists of units 2 and 3.

(i) Show that both estimators are unbiased for the population mean.

(i) Show that VarY) < Var(y) if ys(3y — 3y1 — ys) > 0.
(Hint: Supposer is the sample mean for a simple random sam-
ple without replacement of size from a population of sizeV

with population unit values, ..., zy. Then
N v )2

i— X

Var(z) N_n’;(x )

€T) =
Nn N-1 "~
N
_ X
whereX = =)

[7+7=14]



Section (iii): Physics

1. (a) Consider a hollow sphere of raditbaving a surface density of
mass equal tg. Consider any poinP inside the sphere which
is at a distance from the origin. Find the gravitational force
and potential af® due to the mass of the sphere.

(b) Let a particleP move under the central force of attraction di-
rected towards a fixed poilt. The trajectory of the particle is a
circle passing through the fixed poiit Show that the forcé’
on P is given by the law

F

9

ﬁml =y

- .-, . —>
wherer’ is the position vecto€' P.
[5+9=14]

2. The wave function of a particle of massmoving freely inside a one-
dimensional infinite potential well of length is given by

W(z) = Acos(%)sin(#7%), inside the well
0, everywhere else
(a) Calculate the value of.

(b) What is the probability that the particle is found in the left half
of the box (i.e., in the regiof < z < %) on position measure-
ment?

(c) Calculate the uncertainty in momentum for the system.

0 L
[3+5+6=14]



3. A train passes a platform with velocity Two clocks are placed on
the edge of the platform separated by a distance L and synchronized
relative to an observer on the platform. The train runs in the direction
from clock 1 to clock 2. Clock 1 reads tintg when it coincides with
the front of the train and clock 2 reads timyewhen it coincides with
the rear of the train. Answer the following questions relativeaho
observer on the train

(a) What is the length of the train?

(b) What is the reading of clock 2 when the clock 1 coincides with
the front of the train?

(c) What is the time interval between the above two events, i.e.,
front of the train coinciding with clock 1 and rear of the train
coinciding with clock 27?

[2+6+6=14]

4. (a) A square loop of wire of side lies midway between two long
wires, 3a apart, and in the same plane. Actually, the long wires
are sides of a large rectangular loop, but the short ends are so
far away that they can be neglected. A clockwise curdemt
the square loop is gradually increasing V\%h: k wherek is a
constantf > 0.

(i) Find the emfinduced in the bigger loop.

(i) Show the direction of flow of the induced current.
| [>>a :

a

I

al
a

=R s e Ry

(b) A capacitor is charged up to a potentialand connected to the
inductor L. Attimet = 0, the switch is closed. Find the current

in the circuit as a function of time.
)

[8+6=14]



5. (a) The ground state of chlorineds, . Find the magnetic moment.
2
Into how many sub-states will the ground state split in a weak
magnetic field?
(b) The quantum number of two electrons in a two-valence electron
are:

n1:6> l1:37 S1 =

Ny =09, la =1, 5o =

N~ DN~

(i) Assuming L-S coupling, find the possible values of L, and
hence J.

(i) Assuming J-J coupling, find the possible values of J.
[7+7=14]
6. (a) A gas obeys the equation of state

T BO)

P
e

where B(T) is a function that depends on temperatiirenly,

and the other symbols have their usual meaning. The gas is ini-
tially at temperaturd” having a voluméd/,. It is then expanded
isothermally and reversibly to a volunig = 2V4. Find the
work done doe to the expansion.

(b) The kinetic energy of a free rigid body in spherical polar coor-
dinates is,

1 . .
Erinetic = §1(02 + sin*0¢?)

wherel denotes the moment of inertia of the rigid body. Find
the partition functiornZ of the system.

(Hint: You need to express the energy in terms of momenta and
coordinate variables and then calculatg

[7+7=14]

7. A series R-L-C circuit is excited from a constant-peak variable fre-
guency voltage source of the formh = V) Sin wt, wherelj is con-
stant. The current in the circuit becomes maximum at a frequency of
wo = 600 rad/sec, and falls to half of the maximum value.at =
400 rad/sec. If the resistance in the circuis§s, find L and C. [14]
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8. (a) For aradix-6 number system, we need to represent each radix-6
digit in binary form. Design a binary code to represent all radix-
6 digits such that the 5’'s complement for each digit is obtained
just by complementing each bit in the binary code of that digit.

(b) A Boolean functionf” generated frony by interchanging the
operations ‘+’ and ‘. and the identity elements ‘0’ and ‘1’, is
called the ‘dual’ of 'f’. A Boolean function ' is self-dual, if
f=1rP.

Check if the functionf(a, b, c¢) = b'(a’c’ + ac) + b(d'c + ac’) is
self-dual or not.

[7+7=14]

Section (iv): Computer Science

1. (a) LetP be a program for computing the median of a set oéal
numbers that runs i (n) time. UseP to design a divide and
conquer algorithm for sorting a set ofreal numbers that runs
in O(nlogn) time.

(b) A sequences = (sq, s, ...,s,) Of n distinct real numbers is
said to be aunimodalsequence if there exists an indexl <
i < m)suchthats; < sy < ... < s > 841 > ... > Sp.
The element; is said to be thenodeof the sequencé. Write
an algorithm that can find the mode of a given sequehade
O(logn) time.

[6+8=14]

2. LetT be a binary tree having nodes. Definé\(z, y) to be the length
of the path between two nodesy € T'. Design an efficient algorithm
(preferablyO(n) time) for identifying two nodes, b € T such that
A(a,b) = max, erA(z,y), i.€., the path fromu to b is the longest
path inT.

Note thate andb may both lie either in the left sub-tree of or in the
right sub-tree ofl’, or one may lie in the left sub-tree while the other
lies in the right sub-tree df. [14]
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3. LetAbe anN x N matrix of integers, wher&/ = 2™ for some integer
m > 0. Consider a program that traverses the matrix following-a
like traversal, and prints the elements of the matrix in the order of
traversal, as shown in the figures below.

v Vv 7V
! 2 3 4 L. E* L
1 2
5 1/ e v v B i a4
6 PNy A i
= mirdlEavdls
o 10 11 2 L1 4. N L
3 4
13 4 15 16 L/ L,/ "
m=1 m =2 m=3

Form = 2, the output will be:

1,2,5,6,3,4,7,8,9,10,13,14, 11, 12, 15, 16.

Note that whemn increases by 1, a biggéris replaced by four copies

of a smallerZ, and the smalleiZs are connected as shown above.
This suggests that it is possible to use a recursive procedure to do the
traversal.

The outline of the program is given below. Write the procecige
in C, so that the program prints the elementé af the required order.

void zed(int matrix[N][N], int start_row, int start_col,
int end_row, int end_col)

{

[+ Fill in this missing part */

}

void main(void)

{

| » declarations, initialization, etc. * [
zed(A, 0, 0, N-1, N-1);
}

[14]

4. Consider a jungle, where tigers and elephants live. The only source
of water in the forest is a lake, situated in the middle of the forest.
Tigers and elephants drink water from the lake. Suppose we model
each animal by a process. The code outlines for tiger processes and
elephant processes are given below. Using semaphores to synchronize
their operation, fill in the outlines so that a tiger process and an ele-
phant process never execuaienk _from _lake() simultaneously.

12



Your solution should, however, permit multiple animals of the same
kind to drink simultaneously. You may use as many semaphores as
necessary.

shared semaphore ...;

tiger() { elephant() {
.ci.rink _from _lake(); .ci.rink _from _lake();
b 3

[14]

5. (a) Consider the transactighsandT; whereT; is nested withirY? .
If the underlying DBMS follows an immediate update policy for
a log-maintenance system, suggest what actions would be taken
by the recovery manager when a crash occurs in each of the four
different positions shown below.

Ti: Read(A)
Write(A)
Position 1—
T,: Read(B)
Write(B)
Position 2—
Commit(7s)
Position 3—
Commit(7})
Position 4—

(b) Forarelation?(A, B,C, D, E, F'), the following functional de-
pendencies are given:
{AB—C, BC - D, CD—E, A— F}.
Decomposer into a set of normalized relations so that the new
set of relations is free from partial and transitive dependencies.

[8+6=14]

6. (a) Let¥ ={0,1} and let
D = {w|w € ¥* andw has the same number of occurrences of
the substrings 01 and 10

Thus,101 € D (it contains one occurrence each of 10 and 01),
but1010 ¢ D (it contains two occurrences of 10 and one occur-
rence of 01). Show thdD is a regular language.

13



(b) A grammarG is said to beambiguousif for some string in
the language generated by there exists two or more different
parse trees. Show that the following gramnagris ambiguous:

Gy: S—=D;D D-TL

T — int T — char
L— L, L L—1T
I —id I — xid

S, D, T, L andI are non-terminals; all other symbolst(, char,
id, ‘«’, *; and ‘") are terminals.

Write down anunambiguousgrammarGs, such thatGs gener-
ates the same language@s

[8+6=14]

7. (a) Calculate the network address of a machine whose IP address is
172.18.139.25 and whose subnet mask is 255.255.192.0.

(b) Calculate the maximum throughput of the link layer service pro-
vided by an Ethernet operating at 10 Mbps, assuming an inter
frame gap of 12 bytes. Also calculate the channel utilization.
The sizes of the various frame parts are as follows:

MAC preamble = 7 bytes
Start of frame delimiter = 1 byte
Destination address = 6 bytes
Source address = 6 bytes
Length of frame = 2 bytes
Check sequence = 4 bytes
Payload = 1212 bytes (maximum)
[5+5+4=14]

8. (a) Assume that there is a binary multiplier for multiplying two
bit unsigned binary integers. The multiplication is performed in
O(nlogn) clock cycles. LetA and B be two floating point bi-
nary numbers each having arbit mantissa B # 0). Devise an
algorithm for computingg by using repeated multiplication op-
erations. You may assume thétindB are normalized, and that
a subtraction operation requires one clock cycle. Also, compute
the time complexity of your division algorithm in terms of clock
cycles.

HINT: Write the mantissa o3 as1 — y where0 < y < 1.
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(b) Consider a unifunction pipeline consisting of five staggs,Ss,
Ss, Sy andSs. The required function is evaluated in nine clock
cycles following the reservation table as given below.

Clock
cycle— | 0

Sy X X
S5 X | X X
Ss X
Sy X | X
Ss X | X

Find the minimum average latency cycle of the above pipeline
so that no collision occurs in accessing any stage of the pipeline
during any clock cycle.

[7+7=14]

Section (v): Engineering and Technology

1. (a) The pressure developed in an Otto cycle having a compression
ratio of 4 is 33 bar when the temperature is maximum during
the cycle. If the temperature and pressure at the end of the suc-
tion cycle arel7 degree Celsius and 2 bar respectively, and the
compression/expansion cycle follows the &2 = constant,
calculate the maximum temperature of the Otto cycle.

(b) Calculate the difference in temperature of water at the top and
bottom of a waterfall 420 metre high assuming all energy to be
converted into heat and retained by the water. Givein2J< 10"
ergs/cal, g=10 m/sé¢cspecific heat of water is 1 cal/gm/degree
Celsius.

[10+4=14]

2. (a) Awheel making five revolutions per second is uniformly slowed
down to rest in four seconds. What angle does the wheel turn
through during these four seconds?

15



3.

5.

(b) A particle starts from rest and moves along a circular path of
radiusR. The kinetic energy of the particle is given&s= A.s,
where A is a constant and is the distance travelled, measured
along the circular arc. Show that the magnitude of the force
acting on the particle when it has traversed a distancegiven

by
452
F=a1+ 5.

Consider a hypothetical three-input g&téA, B, C') = AC' + B'C.
RealizeB’, AB andA + B by using the minimum number of H gates.
[3+5+6=14]

[7+7=14]

A magic square of order is an arrangement of? distinct integers
from 1 ton? in ann x n square matrix such that the sumrofiumbers

in each row, each column and each of the two main diagonals equals
to the same value, i.e234". The magic square is said to be of odd
order if n is odd. Magic squares of odd order can be generated as
follows:

Place the numbet in the middle column of the last row. Subse-
guently, after placing a numbet, the next numbem + 1 is placed

in the square one position below and to the leftoflf m is placed in
the bottommost row, them + 1 is placed in the topmost row, andif

is placed in the leftmost column, then+ 1 is placed in the rightmost
column. If the position ofn + 1 thus obtained is already filled, then
m+11is placed just above: (this position is guaranteed to be empty).
An example withn = 5 is shown below.

912 25/18|11
3 121[19]12|10
2212013 6 | 4
16114 7 | 5 |23
15/ 8 | 1 |24]|17

Write a C program to implement the above logic forrai n square
wheren is odd. [14]

(@) LetA and B be two integers represented by 4 bits in “Sign-
Magnitude” form. We comparel and B according to the fol-
lowing rule:

16



e AdominatesB if |A| > |B|
e AequalsBif |A| = |B|
e B dominatesA if |A| < |B]

Design a combinational circuit to implement the above men-
tioned dominance relation.

(b) A Boolean operation denoted by, is defined as follows:

A= B

m4d N4>
i e e B [ L0
e N

Show thatA v B can be expressed in terms-efalone, without
using any0 or 1 input.

[7+7=14]

6. Design a finite state sequential machine (FSM), if possible, for the
following cases, assuming that the input is always a stringjsoand
1’s of unknown length. In each case, if it is possible to design an
FSM, then realize it with the minimum number of gates and flip-flops;
otherwise explain why it is not possible.

(&) The FSM produces an outpuif the input string has an equal
number of0’'s and1’s, and0 otherwise.

(b) The FSM produces an outpitif the number of0’s in the in-
put string is strictly greater than the numberlds in it, and 0
otherwise.

(c) The FSM produces an outputf the (humber of0’s mod 3) =
(number ofl’s mod3) in the input string, and otherwise.

[4+5+5=14]

7. A 300 KVA transformer has a core loss af5 KW and a full load
I’R loss that is four times the core loss. Calculate the fraction of the
full load at which the efficiency is maximized. If the value of this
maximum efficiency 9.9, then what is the power factor at which the
machine is operating? [14]

17



8.

9.

10.

Show that the following circuit acts as a bandpass filter with peak at a
frequencywy = /&&= Find theQ-factor of the filter.

R
— WWVT—
Cay
= €
—— AMAN T [+
+A ~‘—A=1 3
Ci o
Vi(s) I VO(S)
Cl ~ R
[10+4=14]

Two horizontal perfectly conducting parallel platésand B of infi-

nite extent are spacedcm apart. A stream of electrons is injected at
a velocity corresponding to an accelerating voltage of 10 kV into the
space between them through a hole in plaiat an angle of 30 degree
to it. Calculate

(a) the value and polarity of the potential difference which is re-
quired betweeml and B so that the electrons just touch the plate
B.

(b) the horizontal distance, measured from the point of injection, at
which the electrons touch the plate

(Assumes< = 18 x 10" in MKS units) [9+5=14]

A 2uF capacitor is discharged through a coil having an inductance of
2H and a resistance af0f). The capacitor was initially charged to a
voltage of10V. Starting from the circuit equation
(a) derive an expression for the curremiirough the coil,
(b) check if the circuit is oscillatory,
(c) compute the value of the additional resistance, if any, so as to
make the above circuit critically damped.

[8+3+3=14]
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11.

12.

A single stage FET amplifier with a load resistancd @2 has a
midband gain ofl0 dB and a bandwidth 020 kHz. The same gain

is to be obtained by two identical cascaded stages, each having a load
resistance of:. Calculate the value ok and the bandwidth of this
2-stage amplifier. In all cases, assume that the lower 3dB frequency
is zero and the FETs used have the same characteristics.  [7+7=14]

A 200V, 13.77 KW shunt-wound d.c. motor is tested by the Swin-
burne method. The test produces the following readings:

No-load running test

(a) Field current=2 A
(b) Armature current 20 A

Armature locked test

(a) Potential difference applied across the brushed/=
(b) Armature current 50 A

Calculate the full-load efficiency of the above d.c. motor. [14]
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